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1. Introduction 



This paper has its origin in two distinct, well-established problems: 
that of detecting K^^{X) classes — especially indecomposable ones — 
in the regulator kernel for X smooth projective; and that of computing 
the limit of the regulator for a family of such classes as X degenerates. 
It has become a sequel to jKLM] because these problems benefit from 
two "dual" extensions of the regulator formulas introduced there. 

To explain this, we recall the relation between Bloch's higher Chow 
groups, K-theory and motivic cohomology 

(1.1) CR'{X,n), - K^ixf;' - /7j;-"(X,Q(p)) 

for X smooth projective. For our purposes, the regulator is the absolute 
Hodge cycle-class map 

(1.2) c- : CHP{X,n)^ . H'^^~- (X , Qip)) , 

and |KLM| introduced an explicit morphism of complexes, from cycles 
to "triples" of currents, computing this. Nontrivial cycles Z G ker(c^) 
can be studied by spreading out {X,Z Xu,'5u as in §4.1) and com- 
puting c^Cdu)- Here Xu is quasi-projective but still smooth, and so 
(1.1), (1.2) still make sense; however, |KLM| does not give a map of 
complexes computing for quasi-projective varieties. 

This is remedied in §3, which as a byproduct also yields a formula 
for 

c,_, : CH^{Y, n) ► i/J^ (X, Q(p + 1)) 

when F C X is a complete normal crossing divisor (NCD). But this 
is the "wrong" regulator for singular varieties, as far as many arith- 
metic applications or (finite) limits under degeneration are concerned. 
Indeed, for general Y 

CH^{Y, n) = G^iYf;' = H^^fj'^-^JY, Q{dy - p)) 

is motivic Borel-Moore homology; whereas 

(1.3) c- : H'Z'''{Y, Qip)) ^ if5'-"(r, Qip)) 

is the interesting map. Again, a morphism of complexes computing 
this — for many types of (complete) singular and relative varieties — 
is the subject of §§8.1 — 3. The construction involves partially dualizing 
that of §3, as well as considerably greater technical difficulties. 

Applications of the second construction get relatively short shrift in 
this paper, but §8.4 does compute (1.3) for higher cycles on a degener- 
ate elliptic curve and K3 surface — examples related to irrationality of 
C(2) and C(3), respectively, see |Ke5| . (The cycles actually do deform 
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in each the variety "smooths".) The formulas of §8 are also used 

in [DK] . 

On the other hand, almost half the paper (§§4 — 7) concerns applica- 
tions of for smooth quasi-projective varieties, to define and compute 
higher Abel-Jacobi invariants for higher Chow cycle£| (on projective X) 
in the kernel of (1.2). These are, roughly speaking, graded pieces of 
i^u) under the Leray filtration for a smooth morphism — > U (in 
the limit as we shrink U). These higher invariants appear in various 
guises: in §4, as a generalization of the classical notion of normal func- 
tions; in §5, as Kiinneth components of the |KLM| map; and in §7, as 
generalized membrane integrals on X in the spirit of |GG| and |Kel 
sec. 11]. 

The actual double-complex formalism used in the formula for in 
§3, only shows up once in the higher AJ discussion — in §5.2 to prove 
a very precise result on nontrivial decomposable cycles in the regulator 
kernel (Theorem 5.1). These are detected by composing the higher A J's 
with higher residue maps, a feature not present when spreading out 
usual algebraic cycles. But the most beautiful results on (higher) cycles 
are to be found in §6, where we prove that certain regulator-trivial 
exterior products (Theorem 6.2) and Pontryagin products (Theorem 
6.3) of higher Chow cycles are strongly indecomposable, i.e not in the 
image of 

CHP-\Xk, n-l)(g)K* CHP{Xk, n). 

The "indecomposable higher A J" invariant used to detect these (Theo- 
rem 6.1) is an improvement of an earlier invariant of the second author 
|Le2| . and Theorem 6.3 is likewise a strengthening of a result of Collino 
and Fakhruddin |CF| which used |Le2| . 



Section 2 is partly expository: we show how to compute H^{W, Q{p) 
(W smooth quasi-projective) as the cohomology of a double complex, 
then place a "weight" filtration on it and compute the graded pieces 
(Prop. 2.7). This is all just to clear the runway for §3. 

We want this paper (in conjunction with |KLM| ) to be useful as a 
handbook of sorts on various cycle-class maps, so we have attempted a 
"modular" format as far as possible. With the following exceptions, a 
well-informed reader can probably start at the beginning of any section: 
§3 depends on §2, §5.2 on §3.1, and §6 and §7 each on §5.1. Our defi- 
nition of "well-informed" includes familiarity with (or at least reference 



to) §§5.1 — 5.7 of |KLM| . which is used almost everywhere. 



^to be clear: |KLMj studied usual AJ on higher cycles; \GG\ \Lel\ IKe5) studied 
higher AJ on usual (algebraic) cycles; here we study higher AJ on higher cycles, 
which includes both. 

3 



1.1. Notation. Here we forewarn the reader of some potentially con- 
fusing idiosyncracies. Most importantly: cycle groups throughout 
this paper are automatically ®Q, in particular the higher precycles 
ZP{X,m), Z^{X,m) (see §8.2 for a defnition of the latter). These are 
not to be confused with the "topological" C°° chains resp. cycles with 
coefficients in (27ri)'?Q, written C[^p(X^", Q(g)) resp. Q(g)). 
Here r refers to real codimension (in contrast to p). The sheaf of C°° 
forms of degree q is denoted ^x°°'^ currents p^'^™*^^^ ^ are the distri- 
butions that act on them. 

A higher Chow precycle Z G Z''^{X,m)g^^^^^^^ has rational equiva- 
lence class {Z) G CHP{X,m) and homological equivalence class [Z] G 
ifom^jjg(Q(0), iJ^P~"(X, Q(p)). When it is not crucial, we are some- 
times lax about the Z ^ (Z) distinction. 

Given a Hodge structure H, F^Ti is defined to be the largest sub- 
Hodge structure of 7i contained in 7i fl F'^Hc- If W is smooth quasi- 
projective with good compactification W, then for our various cy- 
cle/cohomology groups, an underline denotes the image of the restric- 
tion from W to W: e.g., CHP(W,m) := im{CHP{W,m) CHP{W,m)} 

The following is more standard: for a complex (/C*, d), the truncation 
T,<q]C* is /C* for • < g, for • > g, and {ker((i) C JC} for • = 
q. — ) is the bounded derived category, and s'( — ) is the simple 
complex associated to a double complex. 

1.2. Acknowledgements. This paper was conceived at the May 2005 
Antalya Algebra Days in Antalya, Turkey; both authors would like to 
thank the organizers for a stimulating atmosphere. We would also like 
to thank Donu Arapura for sharing |Ar2| . and Shuji Saito for helpful 
conversations. 

2. Absolute Hodge cohomology 

Let X be a smooth projective analytic variety /C, Y = Yi U ■ ■ ■ U 
Yn <Z X a normal-crossing divisor (NCD) with smooth components 
(and smooth intersections of all orders), and A C M a subring such 
that A ®z Q is a field. The principal aim of this section is to produce 
explicit complexes whose cohomologies compute the absolute A-Hodge 
cohomology groups 

H;^iX,Aip)), H!l^{X\Y,A{p)), Hl^^y{X,k{p)) 

as defined in [Jail sec. 2]. At least half of the section is expository, 
albeit brief and sketchy. 
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Definition 2.1. |Jal| . |BZ| A mixed A-Hodge complex consists of the 
following data: 



• A bounded below complex KJ^ of A-modules (in the derived 
category), such that H^{K'p^ is an A-module of finite type for 
all p. 

• A bounded below filtered complex (K^^q, W) of A (g)^ Q- vector 

spaces, and an isomorphism -R'X^q ^ -ft'* ® Q in the derived 

category. 

• A bifiltered complex (_ft'*, W, F) of C-vector spaces, and a fil- 
tered isomorphism a : (i^*, W) (i^^'^Q, W) ® C in the 

filtered derived category. 

Further, 

• For every m G Z, 

is a (polarizable) A ® Q-Hodge complex of weight m, i.e. the 
differentials of Gr^K* are strictly compatible with the induced 
filtration F, and F induces a pure (polarizable) A (g) Q-Hodge 
structure of weight m + r on {Gr^ K^^^q) for r G Z. 



A mixed A-Hodge complex gives rise to a diagram: 




where aj, Pj, j = 1,2, are morphisms of complexes, a2 being a quasi- 
isomorphism, f3i a filtered morphism, and (32 a filtered quasi-isomorphism 
By the work of Deligne and Beilinson, the construction of mixed A- 
Hodge complexes is equivalent to the construction of mixed A-Hodge 
structures. 

Let fi : {M'^du) ~^ {N'^d^) be a morphism of complexes. The 
cone of /i is the complex: 

Cone{M' N*] = C; := M[l]* © A^', 

with differential D (a, 6) = (— ^^^(a), fi{a)+d]\f{b)). The absolute Hodge 
cohomology H^{K*) (of a mixed A-Hodge complex K*) is given by 
of 

(2.2) Cone{Kl®W,Kl^Q®{WonF')Kl ^ 'Kl^Q®Wo'm[-l], 
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where 

and W, is the filtration decalee |De2l sec. 2]. More precisely, set 
W := W_„ W, := (Dec W)-, where 



(Dec'l^)^K™ := ker S^W^^'^K' 



We henceforth assume = '-ft'*, -ft'* = '-ft'* with 02,^2 identity 
maps, and -ft'X^o = -ft'* ®z Q with ai the inclusion. 



Remark 2.2. Suppose also A = Q, so ai = identity. In this case, there 
is a quasi-isomorphism 

(*) Cone{WoK' © F^WoK' WoK^}[-l] 



Cone{K^ © WqK^ © F^WoK* ^ K'^® WoK'^}[-l] 

given by (6,6, 6) ^ (6, 6, 6, 0, 6)- (The diff'erential in (*) is D{^i, 6, 6) 
(— (i6, — c?6, d^3 + /5i6 " /^26)-) We refer to (*) as the normalized AH 
complex. It has an obvious (non-quasi-isomorphic) embedding in the 
related "Deligne" (or weak AH) complex 

Cone{K'Q(BF'Kl^Kl}[-l], 

which simply forgets the weights. 

We do the basic example for general A, and then restrict to the case 
of Remark 2.2; though we do explain (Remark 2.6) how to extend the 
result of the Proposition to arbitrary A. 

Example 2.3. (Absolute A-Hodge cohomology of X.) Let 
i'Kl =)Kl := C{X,A{p))[2p]' = C'^+%X , A{p)) , 

{:Kl=)Kl:=V{X){p)[2p]\ 
with -ft'X^Q -^c given by integration: (27ri)^7 {2Tciy6^. F* is the 



{ K* r > 

Hodge filtration (on P^, twisted by p); and WrK', := < ^" ^ ~ g 
(the stupid weight filtration) yields e.g. 

WoKT^Q = ker <j W.^KTm - ^^^+1 = ker(5) C K^^^, m = 

W-m-iJ^A6i,n II 0, m > 



Writing out (2.2) explicitly gives a complex which is 

C2p+'(X,A(p)) © C'P+'-\X,Aip))0^Q 

for • > 1, 

C^P+\X,A{p)) © C^P{X,A{p)) ®zQ © {ker(t;) C V^p{X)} 
for • = 1, 

C2p(X,A(p)) © {ker(a) C C^f (X, A(p)) ©zQ} © {ker(rf) C F^V'^^iX)} 
®C^P'\X,A{p)) ©zQ © V^P'\X) 

for • = 0, and 

C''P+'{X,A{p)) © C2p+'(X,A(p))©zQ © 

©C2?'+-i(X,A(p)) ©zQ © I)='^+-'(X) 
for • < 0. For g G Z, its g**^ cohomology is Hy^'^'^ {X , A{p)) . This maps 
to H^'^'^ {X , A{p)) by forgetting all W^o's in the definition of the Cone 
complex; the map is an isomorphism (only) in degrees q < 0. 

Now for each £ G N, let V' denote the union of the £-fold intersections 
of various components of Y, so that is their disjoint union. Set 
Y^ = X and = for i < 0. The proper hypercovering Y* ^ Y 
(together with the inclusion Y > X) leads to double complexes 

V^P+^'+^{Y^'){p + i) =: DR{pY'^ , C^P+^'+l{y^^^ Q(p + i)) =: B{pf^ 

with differentials Gy {i y-^ i + see formula in §3) and d resp. d (j ^ 
j + 1). (Here i3, DR stand for "Betti", "de Rham".) We have associated 
simple complexes with total differential D, "weight" filtrations {fC := B 
or DR) 

s'icip) := ®,i<o)ic{pr'-' D ®i<^i<o)^py'''~' =■. cwys'^jcip), 

and Hodge filtration 
F«s^Di?(p) := ®^F''V^P+^'+^{Y^'){p + i) ^ (B^F'^+p+'V^p+^'+^ {Y^'). 
The function of these complexes is to compute cohomology of X\F: 
H*{F'^s*DR{p)) = F'^+PH*+^P{X\Y, C), H\s'B{p)) ^ H*+^p{X\Y, Q(p)). 
The only nontrivial observation involved in proving this is that 

is an F*-filtered quasi-isomorphism |Jal| . so that H* of [F^ of] the l.h.s. 

computes [Fp]H*{X \ Y,C). Then one looks at the spectral sequence 
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{Ei^^ = DR{py'\ do = Gy} computing H*{s'DR{p)); its E\'^ = for 
i 0, and E^'' is the l.h.s. of (2.3) shifted by [2p]. 

Now we explain briefly the function of the decalee flltration 

iDeci'W)Ys^DRip) = ker S^W^-^s^DRip) ^ 

= {r,<^,DR{py'^} . 
The usual weight filtration on cohomology is defined by 

W2p+k+iH'''+''{X\YX) ■■= 'W-'H\s'DR{p)) 

(2.4) 

:= im{H^{^W-^s'DR{p)) H'' {s* D R{p))} . 

To relate 'W and Dec(W), consider their associated spectral sequences 
(both =^ H*{s'DR{p))), with 0**^ pages 

S','' := Gr^y,s^+WR{p) = DRipY'^ S^'^' := Gri^^^,^/+^' DR{p), 

and do = Gr D. The first is just the Gysin spectral sequence, which by 
|Del| degenerates at £2', hence the second spectral sequence degenerates 

at £1, since by (Dill sec. 2] Vr > 1. So D on 

s'DR{p) is strictly compatible with Dec(W)', and 

H'' {Dec{'W)-^-''s'DR{p)) ^ 

(2.5) 

im{H'' {Dec{'W)-^-^s-DR{p)) H''{s'DR{p))}. 

The above compatibility of spectral sequences also implies agreement 
of the last lines of (2.4) and (2.5). Writing Wo = Dec(W)° and spe- 
cializing to k = —i, we have shown that 

(2.6) H'' (Wos'DRip)'^ = W2pH^''^^{X \ F, C). 

This argument can be applied also to s'B{p) and F*s'DR{p). 

To define absolute Hodge cohomology, we take our mixed Q-Hodge 
complex K* to be given by 

K'q:=s'B{p) , Kl:=s'DRip), 

with W,{— W~') and F' as above, and /?i given by integration (on 
each V). 

Definition 2.4. H^^''{X \ Y, Q{p)) := H^{K'). 
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This is computed by the k^^ cohomology of (*) in Remark 2.2, or 
(2.7) 

s" (r,<oi3(p)) 



Cone 



[{F^s'DRip))ns'{Tj<oDR{p))] 



^ s- {T,<oDR{pj) } [-1] 



where 
(2.8) 



J>1 



{ker(d) cP2(P+«)(y-i)} 

f{kcT{d) C C^^P+'\Y^\Q{p^))}\ 
© {ker(rf) C Fp+'V^^p+'HY-^)} 



J-0 



has differentials D (vertical Cone differential) and Cy (horizontal). 
Note that this is for i > 0. Elements of TiipY'^ always written 
(a, 6, c), with a,b both zero if j = 1. 

Proposition 2.5. The (Gysin) spectral sequence Hip)l'' associated to 
nipY'' (with H{pYq^ := nipY'^, do -.^ D) converges to H^^*{X \ 
Y,Q{p)). 

Remark 2.6. This does not in general degenerate at TI2', see the proof 
of Prop. 2.7 below. It is easy to modify H{pY'' to compute H^~^*(X \ 
Y,A(p)) for more general A. Take the 0**^ column to be the complex 
from Example 2.3, computing H^~^* {X , A{p)) , and similarly replace 
the other columns by complexes computing AH cohomologies of the 

The presentation (2.7) of s*7i(p) as a Cone, together with (2.6) (and 
variants), leads to a short-exact sequence (s.e.s.) 
(2.9) 

^ Extl^^ (Q(0), H'P-^-\X \ y, Q(p))) ^ H'^-^{X \ Y, Q{p)) 
^ //om,,,(Q(0), H'P-"^{X \ Y, Q{p)) ^ 0. 
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There is also a localization long-exact sequence (l.e.s.) 
(2.10) 

produced as follows. If we define double complexes 

^y(p)' -[ z>o ' ^^(p) ' 

then s7iy(p)[— 1]', s'Tixip) = 'H{p)^'* have respective A;**^ cohomologies 
H^^^\XM{P), H'^^\X,Q{p)). Thes.e.s. ^ ^(p)*'* 

7Yy(p)*'' of double-complexes translates to a s.e.s. of complexes 

s'Hxip) ^ ^'niP) — (sHy(p)[-l])[+l]-, 

which produces (2.10). 

The spectral sequence of Proposition 2.5 induces a "weight" filtration 
with graded pieces Grf H'^^'^^X \ F,Q(p)) = n{p)\^, which will 
concern us (in a broader context) in §3. For now, we show how to 
compute these graded pieces. To grease the skids for this endeavor 
(and for describing the A J map in §3), define double complexes 

j>0 
{ker(a) C C^iP+^\Y^\ Q(p + 0)} J = 

(j2p+2i+j ^ Q(p + Z)) J < 

>V(p)^^ := Tj^oDRipY'^, with upward shifts >V[q](p)^'^' := W[Q](p)*'^-^ 
(and B^pY'^ := i3(p)*'-'~^). These are each the 0**^ page of a spectral 
sequence with do = vertical differential. By |Del| . DR{p)l'* and B{p)l'' 
degenerate at the 2°^^ page; so therefore do the W-spectral sequences, 
with e.g. 

^M'd = Wq(p)^'^' = GrY.,H'P^'^^~\X \ r, Q(p)), 

and 

Wq{pY{' = H'P+''+^-\Y-\ Q{p + t)). 
Also note that besides being a sub- double complex of DR{p)'''~^ , 
Wip)''' injects into Hip)''* by sending ^ e W{pY'^~^ to (0,0,0 ^ 
TiipY'-' ■ This produces a map of spectral sequences. 

Now write i/W := H'^p+^{X\Y, Q(p)) and consider the s.e.s. of MHS 
with j < 0: 

^ Wj-2 Wj-i 
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>Vq(p)^'^' := r,<oB{pY'' 



This leads to a l.e.s.: 

(2.11) 

^ ffom^e, (Q(0), ^ ifom„,, (Q(0), x^/f^) ^ 

and we set im{5f^) =: sfl Note that k^i+j-1 =^ Gr^_iH^''^ ^ 
W(p)2''. 

Proposition 2.7. For j = «;e have a s.e.s. 
Otherwise, 

0, j > 1 (or i > 0) 



nip) 



oo 



j<0 



J 



Proof. We first determine Tt{p)i' and ^^(p)''*. Recall that H* of 
7i(p)°'*computes Q(p)); it follows easily from this that the 

other columns compute AH cohomology of the Y~^: 

^ Extl^^ (Q(0), VVQ(p)r ) ^ (i^N Q(p + i)) - i/om„,, (Q(0), WQ(p)i'^) ^ 

II 

Now Wq(p)i-' is of pure weight j. Suppose j ^ 0, so that the r.h. term 
vanishes and 



The W{p) Y are polarized HS's; by semisimplicity, di-cohomology passes 
under the Ext and 

(2.12) n(p)^^ - Extl^Mo), wMr) — W{p)^\ 

On the other hand, for j = 0, the s.e.s. of complexes 

^ Extl^^{Q{0),WMf) ^ ?i(p)r° ^ Hom^MQ),^QiP)i') ^ 
yields a di-cohomology l.e.s. 

^ //om,Hs(Q(0), WQ(p)r''°) — Extl^M^),WMf) ^ Tif 
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i/om,,,(Q(0),>VQ(p)f ) Ext] 



where we have again used semisimplicity (to pass di under Ext and 
Horn). Using (2.11), we get a s.e.s. 
(2.13) _ 

Wo 

, II III 1 1 1 

■^MHS ^ 



"0 



0. 



Now the higher differentials di {i > 2) are all on W(p)*'*, which 
means that the surjectivity (2.12) extends to the entire map of spectral 
sequences W(p)''* — 'H{p)''' (r > 2) off the 0**^ row. Hence the only 
nontrivial higher differentials on H{p)l'* are the 



A, J 



for j < 0. (For j = 1, the proof is now finished.) Moreover, since 
^{pY-f ~^ T^ipY'f factors through, and surjects onto, the l.h. term of 
(2.13), we have (i2|im(a) = and so d2 factors through [3: 

'^Extl^^{Q{0),Gr%Hi^) 

/3 



//om,,,(Q(0),^//W). 
Using again (2.11) we get a s.e.s. 



"0 



ker((i2) 



and iterating the argument completes the proof for j = 0. (At oo, we 
have r.h. term Hom^^^{Q{0),WoH^^) ^ Hom^^^{Q{0), H^^).) This 
argument also shows that each ci_j+i factors 



nji+j -1,0 




[»+J-l] 



SO that im(d_j+i) = im((5|'^"' ^^) = S^*'*'"' ^' and we are done. 



□ 
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3. The weight-filtered Abel-Jacobi map 



Having dispensed with the prehminaries of §2, we are ready to ex- 
plicitly describe the absolute Hodge cycle-class map 

for smooth quasi-projective U. We do this first in terms of a map of 
double-complexes (§3.1), then in §3.2 via generalized membrane inte- 
grals. The double-complex construction is then applied in a discussion 
of the Beilinson-Hodge conjecture (in §3.3). 

3.1. Gysin spectral sequences and higher residue maps. We 

start by laying out a number of complexes: given a smooth projec- 
tive algebraic W/k C C, set 

C'^iW,Qiq)) ■.^Z^{W,2q-.). 

Also writing W for W^^, define 

C'eiW, Q{q)) := C^^iW, Q{q)) , ^^^^(1^, C) := [F'^]V{W) , 



ChiW, Qiq)) := Cone {C^^iW, Q(g)) F'^V{W) ^ V{W)} [-1]' 



, • > 2g + 1 

C (W 0(a)) ■= <t ^ldW> . = 2g + l 

and let /C stand for B, DR, FDR, V, H, or M. (The respective 
differentials dtop, d, d, D, D, and are then uniformly denoted djc ) 
We have H*{C^p^^j^{W, C)) = [F«]i7^^(W^, C), and for all other IC 

H*{C'^{W,Q{q))) = H*^{W,Q{q)). 

Now let 3^ = U C A' be a NCD (inA' smooth projective/ A;), yj := 
^\^eIy^, and ^ := U|/|=f3^/, so that ^ n|^|^^3^j. (By convention, 
y^ := X.) In what follows, we exclude /C = [F]DR for uniformity 
of notation, though similar results hold. (In particular, the spectral 
sequences DR(p), FDR{p) would degenerate at the 2°'* page.) 

Define (mostly 3rd quadrant) double complexes 

^Ay(p)o'' C?+'"+^(5^«, Q(p + a)) 
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with vertical differential (iyc, horizontal differential! 



\I\=-a iel 



:=position in which i occurs in J), and total differential D := 
die + {~^YGy (on the associated simple complex s*/C(p)). 

Example 3.1. 7Vl(p)o' sits in the 3''*^ quadrant, with upper-right-hand 

3x3 ^ ZP-2(3^) ^ ZP-\T) ^ ZP{X) 



Gy 



Gy 



zp-\y\i) 



Gy 



ZP{X,1) 



zp-\y\ 2) — zp-\y\ 2) — zp{x, 2) 



Gy 



Taking do := d]c gives Gysin spectral sequences /C(p)^'^ =^ 

H*{s'K,{p)) ^ H^^+*{X \ y,Qip)). (Omitting the 0th column would 
compute H'^y*'^^ {X , Q{p)) .) One finds in each case /C(p)"'* = 
^2p+2a+b ^y_a ^ + a)); and for /C = i3 we have degeneration at 
B{ph(=oo) with BipYJ = Gr'^H^^^I''+\X \ y,Q{p)), where W. is the 
weight filtration of Deligne |Del| . To generalize the weight filtration to 
arbitrary /C, set WjS'IC{p) := s']C{p)'-~^'' and define 



%m \ H*{WjS'}Cip)) H*{s*lC{p)) 



so that GrYH^^^^^\X \ y, Q(p)) = lCx\y{pT^] in particular 
^^''^\X\yMp)) ■■=^rn{H'^^\X, 



^x\y{p) 



0,b 



H'r\x\yMp))} 



(lowest weight). While the Gysin spectral sequences for )C = A4,Ti.,V 
do not degenerate at JC{p)2, for H, V one can show all dr>2 '■ IC^p)^:^'^^ — > 
/C (p) ^"''"'"^ are zero; precise formulas for the 'H{p)'^ were worked out 
in Prop. 2.7. 

More generally and perhaps more usefully, one can map all /Coo terms 
to easily describable targets. First, to compute Hk: of y^ \ y^^^ = 



ignore the 27ri (in Gy) for K. = Ai. 
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yk y ^37'^+! x_^^ (with good compactification y^), we can use 
(3.1) lCy.^y.^.{qT/ = C^^^'-^^ {y^'- xy. Q(g + c)^ . 

r Q (2 > _/j 

Now while the quotient double complex /C-~*^(p)°''' := < ^^^^a.fe ^ 

(of /C(p)q''') does not compute H'^yl{X ,Q{p)) for A; > 1, it does map 
to (3.1). More precisely, there are maps of double complexes 

f^x\y{p)Q^ IC^\y{p)o'' ICyk\yk+i{p - A;)o+''''' 

inducing maps of spectral sequences, hence of 00 terms 

IC;.\y{p)-J^' - ICy.\y..r {p - kf^' = H^^{y' \ y'^\ Q{p - k)). 

This defines higher residue maps 

Res-- ■ Gr^H'^P+''+\X\y,Q{p)) ^ H^^^iy-''\y~''+\Qip + a)), 

which are in general neither injective nor surjective. More concretely, 
if we let f/~" := connected component of 3^~" \ the Res~°^ 

into if^^^^"^''(f/~", Q(p + a)) is computed by taking (—a) successive 
residues along a "flag" of connected components [/* C 3^* \ 3^*+^ with 

c iF^ c ■■■ cTp CLP = X. 

Consider the "realization" maps (of double complexes) 

M{p)f -^n{p)f -^vipT,' ^ B{pro\ 

with the first given by sending 3 G Z^^iy^"-, —h) to 
{2'Kiy+''+^ {{2Tii)-^T^, ^3, /?3), and the latter two obvious. (Here T3 G 

Cy"^'( y^,Q (P+Q)), ^3 e FP+'^D2p+2a+6^3^a)^ ^ p2p+2a+6-l ^j^a) 

are as in |KLMl sec. 5.3-4].) By considering the induced maps on the 
cohomologies of the associated simple complexes, we have W, -filtered 
cycle-class maps 

d'^ : CH^\X \y,m) = H-'l^^iX \ y, Q{p)) ^ //^^""(A' \ 3^, Q(p)), 

with graded pieces 

Gr^cT ■■ Mipyj-'" lC{p)-J-'\ 

Remark 3.2. If we omit the 0**^ column from the entire construction, 
we get cycle-class maps 

CHP-\y,m- 1) = H'ZJ^\X,Q{p)) ^ Hl^-'-^\X,Q{p)) 

for cohomology with support on y. 
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Since MipT,^' = for 6 > 0, H^Z'^i^ \ y^QiP)) = WoH'Z^*{X \ 
y, Q(p)). Therefore one consequence of the above is the existence of a 
commutative diagram (/C = 7i, V, or B) 

CHv{X \ y, m) ^ w^H^^-'^ix \ y, 



Res'" 



Res" 



(Note that ^/^^-"(j;™ \ y^+^) = QH^iy"" \ 3^™+i) since we are in 
the case of algebraic cycles.) 

Example 3.3. We give a simple application of the corresponding dia- 
gram for /C = DR, which has upper-r.h. composition 

in the case p = m := n. 

The construction of |DK| produces families of hypersurfaces 

Xt^ X^ Pa X Pi 



{t}c .pi 

in a Toric Fano n-fold P^ (n = 2, 3, 4) with the generic Xt nonsingular, 
and Xq a NCD satisfying Pa\-^o — (C*)"^ (with coordinates Xi, . . . , 
We set y := Xq C X . The hypotheses of |DK| Thm. 1 guarantee 
the existence of H G CH"^{X \ y,m) restricting to {{xi, . . . G 
CH''{X n (C*)", n). From this we deduce dlogxi A ■ • ■ A dlogx^ (= Q^) 
is a holomorphic forirH on A" \ ^ representing coRi^), or equivalently 
the infinitesimal invariant of {cw(S|xJ} e T{U C F\ i?"-V,C/Q(n)) 
as 

Since i?es'^(/\" dloga;^) G H^{y^ = npts.,C) is obviously nonzero, we 
get generic nontriviality of G CH'"-{Xt,n). 

3.2. Generalization of the Griffiths prescription. The composi- 
tion of ct-c with P from (2.9) yields the fundamental class map 

d : CHP{X \y,m)^ ifom,,,(Q(0), H^'^-^'iX \ y 



^The assertion is that the pullback of ALi dlogXi from (C*)" to A'n{(C*)" x P^} 
extends to a holomorphic form onX\XQX {0}. In fact X\ {Xr] ((C*)" x pi)} = 
(D X Pi) U{y = Xox {0}), but Oh can have no residues along D x ¥\ 
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we write d{^) =: [^]. The term "Abel-Jacobi map" refers either to c-^ 
or its restriction 



to ker(c/). An interesting consequence of Prop. 2.7 is that d factors 
through H{p)^'^ (via Gr^cn), so that its kernel CHl^^{X \y,m)^ 
W^iCH-p{X\y,m). 

We shall be interested in these maps when X - S is the fc-spread 
of a projective variety X (defined over a field extension of /c), and 
3^ = 7r~^(D) for D a divisor in S. Relevant for the application is an 
extension of the arithmetic Bloch-Beilinson conjecture to higher Chow 
groups of smooth projective varieties. 

Conjecture 3.4. [BBC] For all smooth projective X/Q, y = 0, the 
are injective (ip,m). 

For nonempty y (NCD/Q), BBC together with the Hodge conjecture 
implies injectivity of the c^" ("quasi-projective BBC"), and even of 
the Gr^c^. While injectivity generally fails for {X,y defined over) 
/c C C of higher transcendence degree, one might ask whether c^™ is 
still strictly compatible with W,; this seems to be a difficult problem. 

Now we describe an approach to AJ to be used in §4. First, define 
'C^(W,Q(g)) C C^(iy,Q(g)) {W as above) to be the subcomplex 
consisting of triples of the form (0,*,*) (no C^p's). It maps quasi- 
isomorphically to 

( 0, • > 

C'j{W,Q{q)) := { Vll^{W)/F^Vll^{W), . = . 

[ V{W)/FiV{W), • < 

Writing T^,^(p);;'' := C^^+''^+''-'(r^", Q(j9 + a)), we have 



H*is'iip))^ l^.XT-^(^\3^,C) 



FPW2pHlp+*-\x\yx) 



and 



A class ^ G CHfl^^{X \y,m) has a D-closed representative 3' £ 
s-'^ Mjp); this is sent tcQ (27rz)^"'"((27rz)'™+'T3., ^^3-, ^3-) e s-^Hip) 
by [KTM] . where {2niy+'Ty = D{(27ri)P+T'} for {(27ri)P+T'} G 
s~™~^>Vq(p). The triple is changed by D-coboundary to 



^here • = i indexes entries along the (— m)*'^ diagonal. 
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{27Ti)P-'^{0,ny,Ry + (27ri)™+'5r- )^ then "projected" to D-closed 
{2m)P-"'{Ry + (27ri)'™+«5r-} e s-'"X(p), which yields the class AJ{^) 
in (3.2) directly. This is used in §4. 

Given an algebraic cycle Z = on a smooth projective variety X, 
the classical Grijfiths prescription (|Gr|. or see |Le3l 12.12]) computes 
AJ[Z) by integrating suitable test forms over a topological membrane 
bounding on Z. With the last description of AJ(^), it is easy to gen- 
eralize this. Define a new double complex ^^(p)t,, := i7^"32p~^+^(3^-*) 

(n = dim A") with differentials 3 : ^{p)i,j Q{p)i-ij (dual to Gy, see 
§8.1), and d : ^{p)ij Q{p)ij^i. Letting currents act on C°° forms 
(and multiplying the result by (27rv^^)^*) induces pairings 



j : F"-P+^n(p)„-®J(#^'-.C, 



well-defined since dim(3^ *) = n + i. These extend by summing along 
the diagonal to 

(3.3) ^ : s_„F"-P+ifi(p).,. ® s-'"J(p)*'' ^ C, 

then by taking cohomology to the perfect pairing 

pn-p+l^2n^2p+m+l^l^p^^ 3^), C) ® ^'^""^"H'J \ 'C) ^ 

By forgetting weights, JP'"^{X \ y) maps to the Deligne Jacobian 



Fpmv-^-^{x \yx) + H^p-^-Hx \ y, Q(p)) im//-™(s-B(p)) 

and the image of AJ{C,) is just the functional on "test forms" uj, G 
S-rnF"'~'''~^^fl{p) given by ^ against the "generalized membrane" 
{27ii)P-"'{Ry + (27ri)™+'(5r.}. 

Example 3.5. The case of algebraic cycles (m = 0) on A" \ 3^, where 

is a smooth divisor, is already entertaining. Fix n{= dim X) = 
5, and let {Z) G CHl^j^{X\y). Clearly Z G Z^-g_^{X) gives an element 
of s°A^^^y(3) representing (Z). Since [Z] = in Hom^^^{Q{0), H^{X\ 
3^,Q(3))), there exist 

r G CfjX,Q{3)), 7 G C/,p(3^,Q(2)); S G F3p5(^), ^ e ^^©^(J^) 

s.t. 9r + (27ri)i,7 = (27ri)3Z, tiS + (27ri)6,^ = (27ri)3%. (In fact, 
r, S determine 7, ^.) This yields an element {(7, ^, 0), (F, S, 0)} G 
s^^7i^^^(3), while the double-complex AJ applied to Z gives 
(27ri)^(Z, %, 0) G s^H^^y{3). Adding D of the former to the latter gives 
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{(0, 0, (5^ — (0, 0, (5r — S)}, so we have {6-y — ^, 5r — 2} i-^ {6^, 6r} E 
Now set 



V 



{{-da, L*a -d(3)\ae F^n%^{X), p G ^3^(37)} 









)(2)), {2m)i,(3 = dT} 


{{-de- 


t- 27ru*(/?, —dip) 


= H,{iX,y),Q{: 


),ipeCl^iy,Q{2))} 
3)). 



Using (3.3), {6^,6r} gives a functional on V by 



(u;,r/) I — > J UJ+ (27ri) J r]. 

(Note that if 7 is algebraic, then 77 = 0; but to arrange this in general 
requires the Hodge conjecture.) This functional yields an element of 
\ 3^) = j^yy^ which depends only on (Z) and not on the choices 
of r, S, etc. 



3.3. Higher Hodge conjecture. For X smooth projective and de- 
fined over a subfield k of C, the HC (Hodge Conjecture) states that 
c/P'° : CHP{X(^k)) Hom^^^{Q{0),H'^P{X^'',Q{p))) should be surjec- 
tive. Beilinson |Be| and Jannsen |Ja2| made a prediction extending this 
to all p, m and beyond the projective setting, provided the variety is 
arithmetic (fc C Q). 

Conjecture 3.6. ForU/Q smooth quasiprojective, 

dfj"^ : CH%U,m) ^ i/om^„,(Q(0),if2p-(f/-,Q(p))) 

is surjective. 

To show that this is "reasonable", we relate it to the extended Bloch- 
Beilinson conjecture BBC (Conj. 3.4). The next result, due to M. Saito 
|SaM4| (by a somewhat less direct inductive proof), pops right out of 
the machinery of §§2, 3.1. 

Proposition 3.7. Conjecture 3.6 follows from HC and BBC. 

Proof. Let X/Qhe a good compactification of U, i.e. y := X \ U is a 
NCD (also defined /Q). Let 

R^s' : W,Hl^-'^\X \ y, Q(p)) JCip)^''' 
be the natural map. Consider the diagram 
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CHP{X \ y, m) ^ WoH'^-'^iX \ y, Q{p)) 

^•^•""^ ifT — m — — m 

^ f Res ; ; Res 



Hom^^MiO), H^'-^iX \ y, Q(p))) — {a>i kcr(<5t:"l) C (*)} 
where is defined in §2 and (*) = 



^Om^Hs(Q(0)>'S;t\j;W2 ) = 

im{Gy : H gP'^-^ {y"'+^) HgP-"'{y^)} 



(We have made use of the proof of Prop. 2.7. Note that Hg'^{Y) : = 
Hom^^^{Q{0),H^i{Y,Q{q))).) Also consider 

ay=di --^ 



Extl^s (Q(0)' ^^'''-''"-'(i^'", Q(p-m))) ^ Extl^^ (Q(0), S Q(p-m+l))) 

By the HC, there exists (with n = dim(X)) V e CH''-'^{y^ x 5^") 
inducing an inverse of Gy : h'^p-'^'"-'^ (yn) ^ //2p-2m+i(j;m-i) j^g 
image, and the 0-map in other degrees. 

Given ^ e i/om^g (Q(0), i/2p-m(;f \ y,Q{p)))^ let f be a "liftMo 

ker {Gy) C HgP-'^{y'^). By HC for c/P"™, we have 2n G CRP-^^y^) 
with c/P-™(2n) = One easily checks that c^^'"^^ of SOJ := 2IJ - 
r^G'|/(2n) lies in ker(G|/). By BBC for c^~'"+\ so does ^ itself. (Of 
course, still clP-'^iW) = |.) 
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Now 1 e a>iker(4-J) C (*) ^ c?,-"($nJ) G a>iker((i,), again 
using the proof of Prop. 2.7. So for i > 2, we have 



^*Cs ('Q(O)' //2p-2'"+'-2(3;m-i+i^(p -m + i- 1))) 

^ Sa;*! (Q(0), /f2p-2m+i(3;^_i^Q(p _ ^ ^ i))) 



Let r* be an algebraic cycle inverse to Gy as above; then writing di(W) 

for a representative (of di{W)) in C Hp-'^+' {y^\ i - 1), cn{d^) - 

Gy{ridi{W))} = 0. Using BBC (for gives di{W) G im(G'y = 

di) => di{W) — 0. Hence 2IJ survives to oo, and is Gr^ of a class in 
CHP{X\y,m). □ 

Remark 3.8. One case where HC and BBC are actually true in all 
places they are used (in the above proof), is where X and all irreducible 
components of each are rational. 

If (say) y is not defined over Q, it is easy to construct counterexam- 
ples to the Conjecture. 

Example 3.9. Let V/q C be a smooth hypersurface of degree at 
least 4, with P G V'(Q), and Q eV{C) very general. Let Lp and Lq 
be disjoint lines through P and Q (resp.) intersecting V transversely. 
(Note that Lq cannot be defined /Q.) We claim the cycle-class maps 

(3.4) CH'iV \ {P, Q}, 1) ^ Hom^^MiO), H\V \ {P, Q}, Q(2))) 

(3.5) 

Ci^3(p3\^ULpULQ,2) ^ i7om,,,(Q(0),i/^(p3\l^ULpULQ,Q(3))) 
are not surjective. Consider the blow-ups 

with (resp.) exceptional divisors ipJlig and SpJlSg; set 'V :— Pp^{V). 

For (3.4), \etX^V,y^ ipUiqi^ 5^); take | G Hg\y) to be the 
class of a difference of points (-pt. on ^p, +pt. on iq). Then in fact 
I G keT{Gy = di : H^{y, Q{1)) Hf^{X ,Q{2))}, so ^ determines a 
class in the r.h.s. of (3.4). But any Z G CH\y) with cl^{Z) = ^ has 

{(3v),Gy{Z) = Q-P e CH\Vc) which is 0; so di{Z) ^ and Z 
cannot be Gr^ of a class in the l.h.s. of (3.4). 

J'ov (3.5), take 'X ^W,'y ^'VUSpUSq =^ ^ 'VUSpUSg, 
'y^ — disjoint union of lines on 'V (including ^p, lq). Our ^ from above 
maps to a 'I G Hg\y^) ^ //^ ('5^, Q(l)), Gy di) of which is in 
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Hf^{'y\Q{2)) = Hg\'y^). Moreover, rfa maps to 



Gy{H^{'y\Q{2))} Gy{H^{'y\C)} 
so we get a class in the r.h.s. of (3.5). But di = Gy of any 'Z G 
CH^{y^) with d\'Z) = 'f, maps to Q - P ( ^ 0) under 

CH'm GH'i'V) GH'iVc); 

so once again we are done. 

3.4. Coniveau filtration. To conclude this section we mention an al- 
ternative approach to sequential residue maps on H'^^*{X \ y, Q{p)). 
While the Gysin/weight setup above has the highest-codimension residue 
defined first, the approach via coniveau reverses this (so that codim.-l 
residues are defined first). The drawback is that what follows is valid 
only ior ]C = M,V, and B (not H). 
Define 

Ar'=c^p+*(;f, 



taking 

'JCipT/ := GrlG'f'^'iX MV)) , do := {Gr%)d^ 
then yields (4th quadrant) spectral sequences with 

'K,{Pr^ = Gr%H't''^\XMp))- 
The higher differentials dr on '/C(p)"'^ then yield the desired residue 
maps 

'Res'- : |ker('i?e/''^) C H^^^\X \ y, Q(p))} 

subquotient of 

H^^^'-^'^\y^ \y^+\Q{p - t)) 

with nker('i?esO = H'^k^\X \ y, Q{p)). The 'Res'' have been studied 
for /C = A^,P (in a special case) in |Ke4| . 

It is intriguing to compare the length of the filtration by their ker- 
nels to that of the "weight" filtration of §3.1. To determine that an 
element of GH^^X \ y,m) comes from GH^i^X ,m)^ one must check 

k 

the vanishing of m higher Res maps (see §3.3) or [p — y] (where 
[■] =greatest-integer function) higher 'i?es^ maps. 
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4. Higher normal functions 



The next two sections describe our take on higher Abel-Jacobi maps 
for higher Chow groups — invariants that detect cycles in the regulator 
(or AJ) kernel. Here we will adopt the formalism of M. Saito's mixed 
Hodge modules |SaM2| . while §5 (which is more "computational") re- 
verts to absolute Hodge cohomology in a special (but broadly applica- 
ble) case. 



4.1. Spreads and the Leray filtration. We first recall the rela- 
tionship between these, for W (defined over A; C C) a smooth quasi- 
projective variety; for us MHM(iy) will always mean MHM(PVc)- There 
is an equivalence of categories between MHM(pt.) and graded-polarizable 
mixed Hodge structures (PMHS), so that push- forward along the struc- 
ture morphism : Wc SpecC yields (a^), : MHM(H/) ^ D^PMHS 
satisfying i/^(a^),Q^(p) = H\W,Q{p)). Writing := H'^P-"'{W,Q{p)), 
:= H'^P~"^~^ (W, Q{p)) , we have a diagram with short-exact rows: 

(4.1) 



Ext^ 

MHS 



H: 



2p — m 

n 



ol>MHS 



(W,Q(p)) 



Horn, 



Horn„ 



H'>) 



Ext^ 

PMHS 



(*) 



Ext^P-^ ( 



,(0),Q,^(p)) 



where (*) follows from Q^(0) 



and adjointness of (a^y)* 



{a„),- There is then a cycle-class map (described in |As| ) 

factoring c-j-i (as defined in §3, thinking of W as having a good com- 
pactification). 

Next, we briefiy revisit the approach to spreads discussed in |Ke2| . 
Begin with the following data: 

• fields C -fT C C, k algebraically closed and K/k finitely gen- 
erated of transcendence degree t; 

• a smooth projective variety X defined /if, of dimension d; and 

• a higher Chow (pre) cycle Z E ZP(X(i^),m) with d^Z = 0. 
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The theory of spreads then provides: 

• a smooth projective variety S /k, with an isomorphism k{S) 
K; and Pg : Specif — > S the corresponding generic point. 
(Clearly dim^iS = t.) Denote hj U C S any affine Zariski- 
open subvariety defined /k. 

• X smooth projective and tt : X ^ S projective, both defined 
[k, s.t. X = X Xp^ SpecfsT. Write 7t~\U) =: Xu- 

• 3 £ ZP{X,m) with Z = 3 Xpg Specif, and some Uq C S (as 
above) s.t. 3[/o '■= BUy^ is Sg-closed. [Note: by 3 we do not 
necessarily mean the Zariski closure, though that would be one 
possible choice.] 

Remark 4.1. It is possible that none of the many choices of 3 is dg- 
closed; on the other hand, if such a choice (with 9^3 = 0) does exist, 
we call it a complete k -spread of Z. Existence or nonexistence of a 
complete spread depends only on the class of Z in CH^{X(^k),^)- 

To get rid of ambiguities (i.e., the nonuniqueness of X, S, 3, etc.), 
we take the limit over U C S {U as above): rjs := limf/, Af^ : = 
lim A"^. These have precise meaning only under a contravariant functor 
to abelian groups]^ e.g. 

u 

Hl^{X,X) ■.= lunH*{V'{{Xurc)), 

u 

CHP{X.r,,m) := \imCHP{Xu,m) CHP{X,m). 
V Pa 

The k-spread 3 of Z is just the restriction of 3c/o to ZP{Xri,m); writing 
5 := {p*g)~^, the class (3) G CHP{Xrf,m) (frequently denoted just 3) is 
then 3 \Z). Note that the complex points of S that survive in the limit 
over \J are the very general points (of maximal transcendence degree), 
corresponding to the various embeddings of k{S) into C. 
The spectral sequence 

(4-2) ^ := i^<HM(.,) (Q.(0),i/%.Q.,(P)) 

computing 
(4.3) 

Ext^P-"" ^ ( (0), (p)] ^ Ext\~"' ( Q„ (0), tt.Q^ (p)] 

^the resulting direct limits are exact in Ab . 
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degenerates at E2 since vr is proper; so the resulting Leray filtration C* 
on (4.3) has ^4(4.3)= ^f^^T"'- Set DCHP{X,m) := {o^^^osY^C\ 
so that Cmhm induces 

c^-' : Gr'CHnX,m) ^ — ► Exf (Q (0), if^p-^^-V ip)). 

MHM \ 1 J MHM(i75) ^^'f ^ t^Xr^M'J) 

The filtration on CHP{X,m) stabilizes O = \/i > mm{t + 2,p + 
1} by a standard argument (using relative hard Lefschetz for — > 
Tjs, see |Kel| or |Lel| ). If k = Q then the "quasi-projective BBC" 
of §3.2 implies that , hence c^hm, is injective; so C (conjecturally) 
stabilizes at {0}, hence should be viewed as a candidate Bloch-Beilinson 
filtration. 

Remark 4.2. Note that this is essentially the filtration described in |As] . 
except without the limit over all K C C finitely generated over k (and 
containing the minimal field of definition of X, Z). 

A second spectral sequence (for the structure morphism : rjs ^ 
Spec/c) yields short-exact sequences — «- E^^ — E^^ where 

E:;^ = Extl^^^mO),H^-\vs,R'KQip))), 

(Arapura |Ar2| has proved that the MHS on if*(f/, i?%,Q(p)) arising 
from Saito's theory agrees with the "natural" MHS coming from his 
geometric definition |Arl| of the Leray filtration on H*{Xif,Q{p)).) In 
particular, the [3]j := p*'^P~™~*(c-^.' (Z)) are just Leray graded pieces 
of the fundamental class [3] e Hom^^J{Q{0), H^P-^^iXr^^Qip))). Both 
are obviously (well-) defined (given (Z) ) without recourse to any of the 
theory just discussed (except spreads). 

4.2. A geometric construction: the A-filtration. We now propose 
a notion of higher normal functions having the [3]j as "topological in- 
variants", which arose from an attempt to extend Arapura's geometric 
approach to Leray to absolute Hodge cohomology. The definition does 
not use MHM, and leads to a more concrete description of C 

Recall that a complex subvariety 7c C iSc is called very general if no 
rational function / G Q(5)* has f\rc = 0. Equivalently, the minimal 
field of definition L(c C) of T has trdeg(L/fc) = codim5(T); T always 
means T^, and rjj- := limV over V C T affine Zariski open /L. Write 
vr (by abuse of notation) for the proper morphism A"^^ rjr, and S[i] 
for the set of {i — l)-dimensional very general subvarieties of '5(c). 
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Definition 4.3. If [3]o = • • • = [3]i-i = 0, the i*'' higher normal 
function 

associated to 3, is given by :— AJ{^\x^^). 

Remark AA. This can be "higher" in two senses (i > 1 and m > 0). If 
i — 1 and m = 0, z/^ is essentially a classical normal function, restricted 
to 775(C) =lim [/(C) =S[1]. 

To see that this is well-defined, note that tt : A"^ — > r]{— tjt or rjs) 
is proper and smooth, so that = H"-'{rj, R^n^Q^p)) converges at 
E2 and the (canonical) Leray filtration has Gr'^H"-~^'^{Xri,Q{p)) = E'^'^. 
If [3] a G -^2,V^5~™~" vanishes for < a < i — 1, then so do [3U^^] G 
-^2.V^r~"^~"- while ^^'^p-™--" = for a > i (as (\ira{r]T) = i — 1 and rjr 
is a limit of affines); hence [31^"^^] = and A J is defined. 

Moreover, we have (noncanonically) i7*(A'^, Q(p)) = ©a+6=*-£'2,'^ as 
MHs (with = ®a>q), so that all ^ ^ Gr;^ split and 

L«£;xt;^^^(Q(o), //«+^(X, Q(p))) := £;xt;^^^(Q(o), £»//»+^) 

satisfies Gr^ ^ £;xiJ^^^(Q(0), £^2,'?) ^2;^ If C T is a (very general) 
hyperplane section,'*consider : //"(if^^, Q(p)) if"(A'^^„ Q(p)), 
with 9"''' := Grie''+^ : E^'^^ ^2,^, injective for a < i - 2 (= 
dim(T')). If also 2a + b < 2p, then weights of -^2,'^^ ^^^^ < 0, so that 
^o"^MHs(Q(0)'Coker(^)) = and ^2%^ '^2%^,- In particular, 

if i < m + 2, then Ea;ti(^"'2p-™-"-^) is injective for < a < i - 2, 
while £^2,'^^ (resp. ^^2,'^^/ ™ "^^) is for a > i(resp. i — I); thus 

ker(£;xil(^2p-m-l)) ^ ^i-l,2p-m-i_ p^^^gg 

Proposition 4.5. Assume [3]o = • ■ ■ = [3]i-i = 0. 

(a) // 1/3"^ = and i < m + 2, then factors through 

II Extl^M^l W-\r,r, R'^-'^-'TTMip))); 
res\i] 

(b) // z/^ — 0; ^^6n [3]i = 0. /n /aci, [3]i i/ie "topological invariant" 
of (to be defined below). 

Assuming (b), we can use the normal functions to define a filtration 
A* without reference to vanishing of the {[3]i}- 
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Definition 4.6. Set h^CH'P{X,m) = CHP{X,m), A^CHP{X,m) = 
CHl^iX, m) (AO = AMf m > 0), and 

A^CHP{X, m) := [z e CHlJX, m) \ v\^^ = • • ■ = = o} . 

To facilitate the proof of (b), we restrict the domains of the {^'3}- 
Choose nested very general liyperplane sections (5^ 2)^^ 1^ ^ 
• • • D with of codimension j and minimal field of definition Lj. 

These satisfy A; C Li C L2 C • • • C Lt-i C K with trdeg(Lj/A;) = j. 
One can show that there exist smooth affine varieties and morphisms 

Mo Mt 

P2 




: Mt-i Spec(/c) 

Pt-i 

defined /k (with dim(A^j) —t — j, k{Aij) = Lj), such that fibers of 
each pj are affine j-dimensional (multiple-)hyperplane sections of U. 
(In particular, {T^ nU)c = Pj^iQj) for some very general qj G Aij{C).) 
Denote the restriction rjs —>■ rjMj of Pj by p^. Given e A4j, write 
% := pj\i^), and set := //^p-m-i^^^^^^ q(^))_ 
The restricted normal function 

4--VmUQ^ II Extl^^{Q{0),H,) 

l^&VMi_i (C) 

still clearly satisfies Prop. 4.5(a) (this will be important later). Define 
a local system on r]M,_, with stalks WqH^ by H.^ := WoR'^P-"'-^{p'^_^ o 
7r)^Q(p), and set Hi := Hj (g) O,,^, ^ ; take J-'i C to be the subsheaf 
with stalks FPW2pH'^P-"'-\Xri^^,C), and 

F,:=ker<'H,^^l , := coker ^ ^ 



-^^ J ' IF, 
Here has stalks JP'^'iX^^^), F is a VMHS of pure type (0, 0) (since its 
stalks are Hom^^g{Q{0), H^)), and z/3 may be viewed as a holomorphic 
section of Ji. Applying the connecting homomorphism 

gives the topological invariant Spy 

Thinking of tjm as some sufficiently small affine V C Mi-i (in the 
limit), cover it with analytic balls Va- Notice that ^ = M~™(p^_]^ o 

7r)^s*X, \{p)j so that we can apply the version of AJ via (3.2) 
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continuously fiberwise over each to get a section (omitting the "•") 

(27rz)P— {R^,, + {2mr6T^J, where R^,, = R^\,^^^ , dT^,, = T^\,^^^ . 

Over Va n Vp, these differ by only (27rz)P(5r^ ^ (which are rational 
cycles); hence we get a Cech cocycle in if^(77x, H/F), and this is 6i?l^. 

Now the fundamental class [3] is given by (27ri)^T3, which (fibered by 
pLiOvt) gives a trivial sectiorl of Hi = R-"'{p^i_^o7i)^s'W^^^^^^^^^_^^{p) 

and thus maps to some [3] € WoH^{r]Mi_i,^i)- (This is by Leray for 
PiLiOvr; while the relevant s.s. doesn't degenerate at E2, the -E^* terms 
inject into -£'2'*-) This [3] is calculated by bounding the fibers 73!;^^^ 
over the Va and taking differences over Va H Vg; reusing the {Tq^} 
shows immediately that the image of [3] under j : Wo-f^^('7yVi,_i) Hj) 
H^iVMi-i^^i/^i) is ^^l- Moreover, since Fj is a locally constant system 
of (limits of) pure HS of weight 0, WoH^{rij^,¥) = and j is injective. 
So from (5z/3 we recover [3], and map this to H^{rjj^^_^^ R^'P~™'~^{pl_^ o 
7r)^Q(p)), which has a filtration L (using Leray for vr proper) with 
graded pieces Grl = H\r]M,_^, R''~\pti)*R^^~"'~''^M{p))- By Leray 
for p^_^ and vanishing of [3]o thru [3]i-i, [3] lives in L*; its image in 
Gr^ identifies with that of [3]i under 

(This exists by Leray for p^_^ and the vanishing of i?*(p^_]^), (■ ■ ■) hj 
fiber dimension.) Fix qi G r7>i._j(C), and let Q := pi^i^i{qi) C A^i-i, 
Wi := Pi^{qi) (multi-hyperplane section oi U d S). By affine weak 
Lefschetz and dimension, we have 

which shows injective. This completes the proof of Prop. 4.5(b). 

4.3. Comparing filtrations. In fact, we have shown 1^3 = =^ 
[3]j = 0, and so we can define a third filtration on CH^^X, m) by 
'AO := AO, 'A^ := K\ and 

'PCCH^iX, m) := [z G CHl^{X, m) \ v\^^ = • • • = v^-^^ = o} . 

Evidently A' C 'A*; obviously 'A* depends a priori on our choices of 
hyperplane sections. 

Theorem 4.7. C A'" C 'A*" (Vr), with equality for r = 0, . . . , m + 2. 

^we are still assuming [3]o = • • • = [3]i-i = 0. 
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Proof. First some notation. For ^ G rij^._-^{C), let 

define a local system Mi := WoR'~\pti).R^^'"'~'T^M{p) on r/A4,_i 
(with stalks WqH^), and H,, J-",, Fj, J7i by analogy to Hi, Ti, Fj, 
above. Set Hf' := and Jf"^ := im{Hr' ^ jfi}; the Ja- 

cobian sheaves have stalks {Ji)^ = Extl^^^{Q{0), H^) and {Jl°^)^ = 
-Ea;tpj^^g(Q(0), iJ^). Using the analysis preceding Prop. 4.5, J'[°'' ^ — ^ 

Now we explain some details in the big commutative diagram (4.4) on 
the next page. First, Ext^'ji) is injective for i < m + 1, because 7^ is in- 
jective (Vi) and i <m+l =^ weights of i7*"-^(?7i4/-_-^, i?^^"™'~V,Q(p)) 
are < 2{i — 1) + {2p — m — i) — 2p = i — {m + 2) < 0. Also, Hom{ni) is 
injective because is (see above). Next, the local system underlying 
H'-\pti),H^^~"'~''^Mx^^{p) is smooth (as the limit over V C Mi-i 
allows for removal of iumps), so the Ext^ can be replaced by 

extensions Ext^ , of admissible variations of MHS. By M. Saito's 

description [SaMll Rmk. 3.7(ii)] of A, it is clear that j' o A = 6 o j o Si 
(the "pentagon" in (4.4) commutes). 

More precisely, consider an admissible VMHS on an affine (Zar. op.) 

V C A4i^i with (smooth) underlying locals system H, and an extension 
e E ^ Q^(0) with class e G Ext^^^^^^^ ^(Q^(0),H). Associate 

to this a "normal function" e(e) G H^(y,J') whose value at f G V 
is the class of E^ ^ Q(0) in JP"^ = Extl^^^{Q{Q),M^). To 

produce A(e) G Hom^^^g{Q{0), H^{V,M)), consider a cover {V^} of 

V by acyclic analytic balls, and local "liftings" (morphisms of local 
systems) cTq, : Qy(0) — > E; and take differences over the intersections. 
If e(e) is zero, i.e. if the pointwise extensions of MHS split, then e splits 
locally and we may take the cTq, to be morphisms of VMHS; it follows 
that A(e) factors through Hom^^^{Q{0), H'^{V,¥)), which IS zero smce 
¥{="Hg{n)") has pure weight ( =^ H\V,¥) has weights > 1). In 
the limit over V and U (with EI essentially Elj), e gives Ei; so we have 
established Ei's injectivity. 

We easily show C^' C 'A (Vr); since the proof doesn't depend on 
fibers of pi being hyperplane sections, C A** follows as well. Assume 
D C 'A\ and let Z G DCHP{X,m) (and 3 := s{Z)). It is easy to see 
that {joeioai){c^^jZ)) =: maps to ul, under H'^iJi) '-^ H\Ji). 
UZ e D+\ then ^^ = =^ P^ = =^ Z e 'A'+\ done. 
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We remark that whenever ul^ lifts to (or "factors through") some 
i>3 G H^{rjf^._^, Ji)^ the topological-invariant map 5 lifts to 5 in (4.4). 
Such a lifting occurs (for any i) when Z G as above, but also (for 
2 < m + 2) if 2 G 'A* (since Prop. 4.5 is valid for restricted higher 
normal functions as well). 

Assume inductively D' = 'A^ \/r < i, where i < m + 1. To prove 
_ /^i+i suffices to show 'A'+'^nC C C+\ Given Z G 'A^+^n^, 
(j o o aj)(c^:j^j^(Z)) is zero since it goes to under an injective map. 
Hence (A o ai){c^'^^{Z)) = =^ pr{c^'^^{Z)) = 0. Injectivity of 
Extipfi) and an obvious diagram chase show that in fact c^^^{Z) = 
and so Z G D+\ □ 

Remark 4.8. (i) The (weak) analogue here of Zucker's theorem on nor- 
mal functions [Zj sec. 9] is the following trivial consequence of the 
diagram (4.4): the image of 6 : {im(j o Si) C H^[rij^-_^, Ji)} — > 

-f^^(^A4i_i5 Elj/IFj) is precisely the [rational] (p,p) classes in the target. 
(We stress that this analogy is imperfect, as we do not have a concept 
of horizontality for sections of J7i.) 

(ii) For Z E O Ni) or Z G 'A* (i < m + 2), the diagram actually 
gives another proof] that 1/3 has [3]i as its topological invariant, since 
5^3 = {5 o j oe,o ai){c^;^^{Z)) = (j o Hom^Ki) o pr)(c^^^(Z)) = 
(j o Hom{Ki))[^]i. This proves the conjecture ("Expectation") of |Ke2 
sec. 7.1]. 

We finish with some remarks on infinitesimal invariants. Assume our 
affine U C S is sufficiently small that vr : Xu — > t/ is smooth. Define 
VJP'*''"(;ft//f/) to be the cohomology of 



at the middle term; M. Saito |SaM3| constructed a map 

Passing to the Ih^^/? the infinitesimal invariant of 2/3 (or z/3) is given 
by ~" 

Remark 4.9. For m = 0, "higher normal functions" Pxl/r)s^-^^ were 
defined by S. Saito |SaS| . These, too, formally take $p,i,m([3]i) as their 
infinitesimal invariants. However, for i > 2 they are missing the "higher 



we have proved this for Z £ 'A* (Vi). 
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A J" data contained in z/^ (and indeed contain no more information than 
%,i,m{['5]i) itself). 

5. Leray filtration in the product case 

Imagine that the smooth projective "X" treated in the discussion of 
spreads in §4, was actually Xk = X ®kK for some X defined /k. The 
/c-spread geometry is then vr: X = X x S ^ S , where K = k{S); if 
also Z G Zp{Xk, m), then 3 G Zp{{X x ris)k, m). This is the setup for 
§§5,6,7. 

5.1. Higher Abel-Jacobi maps. For W smooth projective we let (as 
in |RS| ) ]C^{W) denote a (canonically chosen) complex of MHS with 
cohomology computing H*(W,Q). We have a noncanonical isomor- 
phism 

IC-^{W)^^H^{W,Q)[-j] 

j 

in the bounded derived category D^MHS. In particular, 
IC'^iX X 7]s) ^ IC'^ivs) ® IC'niX) 

(5.1) e,. JC'^ivs) ® H^^~"'-^{X, Q)[-2p + m + j] 

^ ij5'-'"(X X r/5,Q(p)) = Extl^-2^{Q{-p),}C'^{X X vs)) ^ 

(5.2) ExP^^^^JQ{~p), JC'^ivs) ® H'^-^-^{X)) 

yields an obvious Leray filtration on H^~^{X x r]s,Q{p)), via D = 
(Bj>i. This is canonical, and is easily shown to be strictly compatible 
with C* of §4, under the map 

Extll-ZmO),{(^uU*Qx.uiP)y -i^xt^P-- (Q(0),(ac;).7r,Q^,Jp)) 



DfPMHS DfMHS 



^^^'^;r(xx.)«-.(0),Q...(p)) H'^--{X X f/, 

(after taking lim^). Simply identify /C^(Xxf/)(p) with (a^^y)^,Q^^y(p) ~ 
(a(7)=K7r*Q^^j^(p), and use the filtration of (5.1) by ®>i to produce (com- 
patibly) both (5.2) and (4.2). 

Consequently we may reproduce the C of §4 on CH^^Xk, m) (in 
our present special case) by pulling C back along the composite 

CHP{Xk, m) CH^ ((X X r]s)k, m) ^ H^-'^iX x r]s, 

s:=fc-spread ch 
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We always denote &{Z) by (3) (or just 3)- We will be particularly 
interested in the restriction of L* (by intersection) to 

CH^Xk, m) := {%m {CH^ {{X x 5),, m) ^ CH^ {{X x r^s)k. m)]) , 

the "higher Chow cycles with complete /c-spread" (3) £ CHP{XxS,m). 

Recall that for smooth quasi-projective Y, ITHY) for Y denotes 
im{H'^{Y) — > H'^iY)} for any good compactification F, or equivalently 
the lowest weight filtrand WnH'^iY). (Dually, H^{Y) := coim{Hn{Y) 
Hn{Y)}.) Calculating for m > 



im 



■'D^MHS 

Exf 



im 



ExtM. 
Extl 



— im 



Exiles m-p),H!zl.ivs) ® if'^-™-^(X)) \ 
Exiles (Qi-p), H'-\vs) ® H''P-^-%X)) j 



(5.3) ^ 



Ext^ 



-p),H!zl.{vs) ® H^P-^'-'iX)) 



im [Hom^,, (q(-p), [^^W-^{ris)] ® H^p-^-^{X)) } 



we have our basic invariants (for m > 0) 



GrV CH^ iXK^m') 



GriCHP{XK,m) 3 Z 



sending Z \ — > [cw(3)]i ' — ^ [3]i = cli{Z), and if this is (pulling back 
along a) to [74J(3)]i-i = AJi_i(Z). As in §4, these invariants vanish 
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for i > min{t + l,p}. They are called (resp.) higher cycle-class and 
[i — ly^ higher Abel-Jacobi class (of Z). 

We want to say something about computing these; a different ap- 
proach will be taken in §7. The trouble is that the only datum we 
have from spreading out is ^ Z^^Z x Uo,m)g^_^^ . To produce a 
double-complex cocycle 3* G ^~"^-^xxuoiP) from this might require an 
explicit (possibly difficult) application of Bloch's moving lemma. (The 
one exception to this is the case m = of algebraic cycles.) So we will 
make do without the double-complex AJ-formulas of §3. 

To compute [3]j, we use the C°° chain T3j^^ (viewed as a topological 
correspondence on X x {S, D^), where Dq := S \ Uq) to induce a map 
Hi{r]s,Q) H2d-2p+m+iiX,Q). This map is nonzero if and only if 
[3]i e HomMHs{Qi-p), H'{ris) ® H^P-'^-^X)) is. 

When [3]i vanishes, one would like an explicit description of [AJ(3)]i-i 
as a collection of "generalized membrane integrals" — i.e., as functionals 
on test C°° forms. Even if [3] e HomMHs{Q{-p), H^P-'^iX x ris,Q)) 
vanishes, this can be computationally horrendous. The simplest de- 
scription (in general) of F'^+^-p+^ {H^^-'+\{S , Dq), C)^H^'^-^p+"'+%X, C)} 
in terms of C°° forms uses Hodge-filtered Kiinneth components of 
s•^](p)•■• from §3 (with X = XxS,y = XxDq). (It is well-known that 
(joo fQ]~jng -v^ith compact support on Uq are not amenable to filtration 
by [Hodge] type.) 

The one really nice case is when Z G D CHp {Xk. rn), so that there 

exists 3 G CHP{X X S,m) — automatically = for m > (and we 
assume for the moment = [3] G HomMHs{Q{—p), H'^p{XxS)) if m = 
0). The [KLM] current {2'Ki)P-'^R-^±{2Tii)P5Q-iT. =■ (27ri)P-"^/2^ yields 
a functional on (C°° forms representing) F'^+^^P+^jif ^*^*+^(5, C) ® 
H'^d-2p+m+i(^X,C)}, modulo periods. Now since 

HomMHS (q{-p), ^^H^-\vs) ® H''-"^~\X)^ 

^ HoruMHS (q(-p), ^^^H^-'^Vs) ® FP-'^'H^P-^-\X)^ , 
we can kill the "im{Hom}" in (5.3) by projecting 

GriH^{Xxr]s,Q{p))^ExtUs{Q{-p),H!zl.{vs)^ ^ ' 



the image of [AJ(3)]i-i by this is denoted [AJ(3)]-li = AJ^^LiiZ). The 
functional described above (an element of ExtliHs{Q{—p), H^~^{S) ® 
H'^p-m-i(^X)) projects to compute this [AJ{3)]ti- 
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In short, we have constructed a slight "quotient" of AJi_i, 

that can be described explicitly in the spirit of the "Griffiths prescrip- 
tion"; it will be used in §6. 

5.2. Weight filtration redux. Our next aim is to Leray-filter the 
?i(p)-spectral sequence and the residue maps from §3, when X = XxS. 
Recall from (5.2) that for W smooth quasiprojective 

V 

m)) Gr^K (X X W, Q{q)) 

V V 

= 0G^^r'^^H (^xiy,Q(g)). 

If W is projective, there are obvious cochain complexes 

G'rfC;,(Xxiy,Q(g)) 

for computing the graded pieces, with ~ to the usual C^. For 
• <1q the Grf complex is given by 

c'7 {w, E\x, Q(g))) e {p*-\w) ® E\x, c)) e 

(D—- i(Ty)®/i--(X,C)), 

for • > 2^ + 1 it is 0, and the reader can fill in the rest. 

Passing to the spread situation X — X y. S — X y. io\: D (Z S 
NCD, we form double complexes 

Gr^^nx\y{v)f Grf x Q(p + a)) 
with s*n{p)o ~ ®^s*Gr^n{p)o\ in fact 

and the = persists for all pages r > 1. Hence the Grf spectral sequences 
converge to Gr^ H^^* {X x {S\ D),Q{p)), and as before we get weight 
filtrations with maps 

Gr^Gr^H'^^+^^\X x {S \ D),Q{p)) = Gr^nipTj 

^ Gr^H^^^ {X X (L>-« \ L'-'^+i), Q(p + a)) . 
We proceed to the main application. 
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With the understanding that the limit (over U affine Zariski open in 
S) defining rjs is taken together with a system of good compactifications 
(or of (5, D) with D a NCD), we can defind 

WeGr'cCH'^iXK, m) := s'' {WeGriCH%{X x r]s)L, m)) . 

The following is a simple means for constructing nontrivial m-decomposable 
higher cycles in the weight-graded pieces. 

Theorem 5.1. Let ri,...,rm G C be algebraically independent /K, 
and set L := K{ti, . . . , Tm). The exterior product with {ri, . . . , Tm} G 
CH'^{SpecL, m) gives a map 

Gr'rCHnXK. n) ^ Gr\Gr'^"'CHP+'^{XL, n + m). 

Proof. L is the compositum of Lq := k{Ti, . . . ,Tm) and K = k{S); 
writing T ■=Flx---x F}^ we have Lq = kiT), L = k{Sxr). Taking 
D,E NCD's in 5, T (resp.), with E D Uj\{tj)\, set ^ := {S x E) U 
{D X T). The fc-spread of the exterior product Z x {r} is the exterior 
product of 

3 e CCIP{X x{S\ D), n) and {t} e [C"']GH'^ {[pt.x]T \E,m). 

Assuming Z is nonzero in Gr^f GW^ iXx. n), the class of 3 is nontrivial 
(in the limit over all D) in 

(5.4) Gr'rGHPjX x{S\D),n) Hj^{S \ D, i/^p— *(x, Q(p))) 

Evidently the restriction of i?es™(cH{t}) G H^iE"" = npts.,Q(0)) ^ 
©Q to p G HjKtj)! is ±1 (t^ 0, which puts {t} in the highest weight 
Wq). Since 3 is Res-free (hence in W^-„), the product gives a class in 

Gr^„Gr'^'^GHP^"'{X x {(5 x T) \ D}, n + m) 
Gr!^„G4+™/jJ+™-" (X X {(5 X T) \ 2)}, Q{p + m)) 

Res™ l(5\I5)x{p} 

Grl H^-'^ jX X 2)"^ \ Q(p)) ^ {r.h.s. of(5.4)}. 

Clearly /2es^^^),^p^ {G4+"^c«(3 x {t})} = G4c«(3)®i?esfp}(cw{t}) 
7^ 0; and it only remains to be said that this does not vanish upon 
enlarging D provided we enlarge D so that D x {p} ^ {S x {p})nD . □ 



Warning: one can also define directly on CHP{XK,m), and Grc and Gr^ 
do not "commute". Saying the Grc of a class is in We does not mean the whole 
class is in Wg. 
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6. Detecting indecomposables in the 
regulator kernel 

The j-decomposable cycles are those in the image of the exterior 
product 

Qj . cHp-^{Xk, m-])® CH^iSpecK, j) aCHP{XK, m). 
For any subgroup S C CHP{XK,m), define 



The usual definition of indecomposable is Sm-ind, while the "strong in- 
decomposable" notion of |CF| corresponds to Si_ind- We study here 
the case S = C CH^ iXx. m) — these are cycles with complete spread; 
that is, their spreads have no residues along substrata of S. 

6.1. An invariant for cycles with complete spread. Our aim is 

to produce, starting from the higher {AJ!^^^} maps of §5.1, further 
quotients which detect indecomposables. The principal difficulty is 
that an element of im{6^) fl H (decomposables with complete spread) 
may involve terms whose spreads have residues (although the sum of 
these residues must vanish). 

Theorem 6.1. (i) For l<j<m<i<p, Gr''^c-}i (composed with a 
projection) descends to a map 

(TT2p—m—if 'Y"\ 
Q(-P), j^;^ ® tPZliVi 

(ii) If I 1^ j andi < p, but one of the other inequalities fails, then Ff^~^ 
may be replaced by Fl~^ (i.e., detecting indecomposables is a trivial 
matter). If j = or i > p, there is nothing to detect. 

Proof. From §1 we know the map from O CIP_{X x ■, to) to 
ExtljHS (OC-P). •^'^p.-'P'' ® H'-^ (n^)^ is well-defined. So given a 
class ^ in 0H'^~^{X x rjg., Q(p)) and in the image of 

i^J-™-^(X X r^s, Qip - j)) ® H^irjs, 

(6.1) 

i/J-'"(X X r^s: 



we need to show its projection ^ to 
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is contained in the image of 



(6.2) 

Since (6.1) splits into a © of Leray-graded pieces, we have immediately 
that i e 

. / Gr'pH'r'^-\X X Q(p)) ® H^^ir^s, Q(j) \ 



(6.3) 



im 



i?xf^,,,^,(Q(-p),i/2p^--(x) /c;,(^5)) 



zm 1 g3 

^ rQ(-p),if2p-m-.(X) 0/Cr(r?5)) 



Here we simply take 

e I 

Moreover, using an idea of |RS| , HoniMHsiQi—j), H^{rjs)) gives a sub- 
MHS 

with H^irjs)" fl W2j-iH^ {rjs) = {0}. By semisimphcity, writing 

HS 

T] : H^{r]s)" ^ Gr2^i7^(r/5), we have Gr^H^{r]s) = W ® im{r]). 
Pulling back the extension W2j-iH^ivs) ^ H^{r]s) Grf- 

MHS 



along n: ^ GrYj yields H^ivs)' ^ H^ivs) with ff-'Xr/^) = H^ivs)'^ 
H^{f]s)" ■ Define more generally 
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^niVs)" '■= ®iH^{Vs)"[~^]- A generalization of the above argument 
(involving both projections and pullbacks of extensions) produces (V^) 
©-decompositions of H^{r]s), hence IC'^irjs) = IC^{ris)' (B IC^{ris)" . This 
induces a ©-decomposition on relevant Ext groups (hence also projec- 
tions and inclusions of Exfs). Note that H^{r]s)' 2 We+j-iH^{r]s) ^ 
WiH\r)s)=H!_{r]s). 

Since }C^{r]sy 2 ^T-civs), and the projection ]Cl^{rjs) /C^(775)' is 
compatible with U-products, (6.3) reduces to 



(6.4) 



Exti^,^^^iqi-p),H^P-^-\X)0lC'^irjsy) 



^<'4«s(Q(-f + 3),H^''~"'-'{X) ® IC'^ivs)') ® £^<,^,,(Q(-i), IC'^ivs)')" 



im I ^gj y 



By construction, HoniMHsiQi—j), H^lrjs)') — 0- Hence (Oy)' reduces 
to 

(6.5) 

HoruMHS (Q(-P + i), i/2p-rn-i(x) ® W-^irisY) ® Extl^^s {Qi- j), H^'^Vs)) 

One easily shows that (in (6.5)) the Horn = HomMHs{Q.{~P + j), 
F^''H^P-"'-'{X)0W-^{risy). (This is straightforward and has nothing 
to do with H'^~^{r]s) vs. W~^{r]sy ■) Hence (6.5) factors through 

Ext^^Hs H^^-^-\x) © w-\'nsy) 

and so (6.4) is contained in 

• / ExtUs (Q(-p), H^^-^-\x) © irzlivs)) 

'^y^ Extl^^s m-P), H^P-^-\X) © H^-\r,sy) 
n Ext\,HS (Q(-P), Frn-'v-m-i^x) © //-^(775)0 
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im 



Using semisimplicity to write H^P'^^-'^X) = F^'' © j^^^) HS, 
we see that the above lies in 

which obviously C im (6.2). 

(ii) If j > i, the j-decomposables lie in if j > m, there aren't any; 
and if m > i, the Horn in (6.5) vanishes. □ 

Setting i = j := 1 and p := g in Theorem 6.1, we have for m ^ 1 
(using (ii)) 

AJind : C}CHl.^^{X,,m) ^ ExtliHs {Q{-q) , H''~^-\X)) = JP'^{X) 
(since F^H^p-'^-^X) = {0}) and for m = 1 (using (i)) 

AJind : c'CHiU^k, 1) - ExtUs (q(-?), I^^rjly) 

(since F^'^ H'^p-^ {X) ^ HgP-\X)). It seems natural to call a cycle 
W e CHl^^{Xk,m) with AJi„d(>V) 7^ "strongly A J-indecomposable", 
but evidently (from the form of AJi^^ in the 2 cases) this is the same 
thing as "regulator-indecomposable" (as in |RS| . [CFj, j Le2| . etc.), so 
we will use that terminology. 

6.2. First application: exterior products. The real point of The- 
orem 6.1, however, is to detect indecomposable higher cycles in the 
kernel of AJ. Here is a simple application to classes in the image of 
the exterior product 

CCH'''{{Y,)k) ® C'CHP"''{{Y2)k,m) ^ C+'CIP{{Y, x Y2)K,m), 

where K/k is finitely generated of transcendence degree i, and Yi,Y2 
are smooth projective /k of resp. dimensions di,d2. 

Theorem 6.2. LetW G CHl^^^{{Y2)k,'m) be regulator-indecomposable, 
andV G DCH'^^{{Yi)k) aO-cycle whose complete k -spread G Z^^{{Sx 
Yi)k) induces a nontrivial map Q,^{Yi) — * f2*(5) of holomorphic i-forms. 
(See |Ke3| for how to construct such 0-cycles.) 

Then Z := V xW E CHp{{Yi x Y2)k, ^) is strongly indecomposable. 

Proof. This is so similar to the proof of Thm. 1 in |Ke3| that we 
merely indicate briefly how Z is detected and the technical lemma on 
HS's needed. 

Applying the map of Thm. 6.1 in the appropriate case (substituting 
the present i + 1 for i and 1 for j) sends .2 to a quotient (in general) 
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of [y4J(3)]*''. Since Z has complete spread 3 := VV x 23, this can be 
computed (as in §1) using {2my~"^R'^ (as a functional on forms). Now 
T3 = Tw X =^ d'^T-^ := (d-^Tw) x ^, and R-^ = Rw{2nif'5^; so 
{2tH)<'i -^3 ~ "^vv ■ '^S: (the quotient of) [747(3)]**^ may be computed 
by the image of ® v4J(ind)(>V). (We are assuming AJi^^CW) ^ 0.) 
Define sub-Hodge structures 

■= H^P-'-'''~\YixY2)m^H'{S)+Fl''-^H^P-'-'''-\YixY2)m\S) 
of Ho := H^P-'-''^-\Yi X Y2) ® H'{S), and 

■■= Q{m) ® H^p-^''^-'-\Y2) 

sub-HS of From the last paragraph, 
(6.6) 

and the Thm. 6.1 quotient of [AJ(3)]-'' in Ext\jHs{^{-p)^^o/Qo), 
map to the same element of 

^ ■ ' Ext\,Hs (Q(-P), (^1 n 6^o)/(6^i n 6^0)) ' 

One shows that 

so that the map from (6.6) to (6.7) is an injection and we are done. □ 

6.3. Relation to a criterion of Lewis. Given S' smooth projective 
Ik and a e H'^Ms')-i,dimis') (^^, ^^{p-m,i-m,o} ^^^^^^ ^-^^ 

position 

CHP-\X X S') H^P-^'{X X S', C) j|r2'p"''^""'(-^> C) F*'0(5', C) 

Ua 

The next application (Theorem 6.3 below) strengthens and general- 
izes a result of Collino and Fakhruddin |CF| . To put this in context, 
we first explain how Theorem 6.1 essentially subsumes the invariant 
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they use for indecomposables in ker(AJ), due to |Le2j . This may be 
expressed as a map 

(6.8) CCHl_aXK, m) ^ ® H^-'^\S, C) 

where as usual k{S) = K , m > 1, and 

^{p-m,i-m,o}^X) := ^im (4^-"^''-™'°^) . 

S',a 

To describe (6.8), let H and G be quotient Hodge structures (resp.) 
of H^P-'^-'iX, Q) and H'-\S, Q), such that ^ H'-^'^{S, C); let 

H := if ® G and write prT^^ : H^p-"^-\X x 5, Q) 7^. Consider 

the composition TZ^'^'^^ : 



i/P-^'P-™ ® C) 

Let 7^l := H^P-'^-'iX) ® H'-^{S), : = 



j^p-l,p-m 

'{X) 



^2p — rn, — i ( 



K'-'iVs) be 



choices of 7-^ as above, and consider the commutative diagram 
CHP{X X 5, m) ^ HP-'^P-'^iX, C) ® H'-^'^(S, C) 



pr-H^oAJ 



gP-'-P-'"(X,C) 

J|^{p-m,i-m,0}(-JS(^-) 




(*) 



®i7^-i'0(5,C). 



The proof in |Le2| implies that 7?.|^'*'™ is well-defined on the subquo- 
tient CCH_^_.^^{XK,m) of CHP{XxS,m), and this gives (6.8). More- 
over, pFj^o AJ is just the map of our Theorem 6.1 (so this is also well- 
defined on OCHl, .^^). Now the GHC says that Fl'' H'^p-'^~\X) = 
NP-^H'^p-^-^l^X); and Lewis shows that the Hard Lefschetz Conjec- 
ture (implied by GHC) gives - ( ^\p-I^^^ )^ 
Hence GHC =^ {*) is an isomorphism, which means that WTh ° 
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factors Tl^'_^^'"^\ The point is that we conjecturally aren't losing any 
information via (*), while we definitely are losing data along (**). 

6.4. Second application: Pontryagin cycles. We now describe the 
improvement of |CFl Prop. 1.1]. Let C be a smooth projective curve 
/k of genus g. Fix i E N; qi, . . . ,qi E C{k); o G J{C){k) [origin of group 
law]; and P := (pi, . . . G C^*(C) very general, i.e. K := k{P) C C 
has trdeg{K/k) = i. We define 

Br- Zl{J{C),m) Zl{J{C)K.m) 

hy Z ^ Z * {AJ{pi — gi) — o) * ■ ■ ■ * {AJ{pi — qi) — o) =: Z{i). This 
induces 

B, : CHl^{J{C),m) C"-' CIP {J {C) k , m) 

since the Pontryagin cycle Z{i) is in by the parallelogram law 
BT8) . [K^ 3.2]. 



Theorem 6.3. Assume 

(6.9) i<2p — g — m — 1, 

and let iZ) G CHf^^^{J{C),m) be given. 

(a) If AJ{Z) ^ 0, then AJi{Z{i)) ^ 0, hence 

^ (Z(z)) G G'r^+^a£P(J(C)x,m). 

(b) Let m > 1. If Z is regulator-indecomposable, then 



m] 



^ (Z(0) G G4+iaff?.,„,(j(C)^ 

m particular Z{i) is (strongly) indecomposable. 

Remark 6.4. The case corresponding to |CF| is (b) m = 1. No assump- 
tion on the sub-Hodge structures of the H\J{C),Q) is required. 

We establish this with a parade of definitions and lemmas. Define 
cycles /k 



- E(-i)^' E 

i=o \J\=j 



{u;ci, 



Y^A.Jc{ce-qe) U Z^(J(C)xCX^), 



<& := {(ni, ^2, %) I Ml + ^2 = G Z2^(J(C)^3)_ 

Let VT/, / C {1,2,3,4}, denote various projections from J(C)^^ x C^* 
(where factors 1,2,3 are copies of J(C), and C^* is the 4*'' factor). In 
the otherwise self-explanatory diagram 
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Kiinneth 



: n 



H^P-'"-^(J(C)) 



-,p-i-l 



'(AC)) 



define 



A(0 := vr34.{vr;23[0] U tiI^[%] U Tr;^}. 



Since /3j is induced by action of a correspondence, all arrows are mor- 
phisms of (M)HS. (Note that well-definedness of j3'l is clear once one 
knows (3[ is a morphism of HS.) We also write 



(i,0) 



H^p-m-i(^j(^C), C) H'^P-'^-'-^{J{C), C) ® H^'yC', C) 

ft 




pr 



{i,0) 



m— i— 1 



(J(C),C)®i/^(C><\C). 



Lemma 6.5. // (6.9) holds, and jSt are injective. 

Proof. It suffices to examine Note that pullback along {p \—>- 

AJ{p — q)} : C J{C) is independent of g G C, and call this AJ* . Let 
{^^}?=i C VL^{J{C)) be a basis such that {cj^ := AJ*^^^} C satisfies 
J^,Uk AZJi = 5m. Write VLk '■= AkeK ^k, and let Tjj := fi/ A fij for any 
pair of multi-indices I, J {1, . . . ,g} with | J| + | J| = 2g — 2p + m + 1. 

Given nonzero ^ e jjc*)), 3 /, J such that {^,tij) ^ 0. 

Since (6.9) holds, we may take K = {ki, . . . , ki} C {1, . . . , g} \ I U J. 
Write TTo : J(C) x J(C), tt^- : J(C) x C"' -^^ C {j = l,...i) 

for the obvious projections. By an easy calculation (essentially the 
same as that in |CFl Lemma 1.3]), 

(A(0, -^li^K A Tij) A 7tI(uJ^) a ■ ■ ■ a n-(uJ]^)) = ± r/j) ; 



hence /3P(0 7^0 



□ 
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For a map of (pure Q-) Hodge structures 7ii ^ 0.2 of weight < 2p, 

write Ext^{6) for the induced map 

Ext^ (Q(-p),ni) ^ ^ ^ Ext^ (Q(-p),W2) 



Lemma 6.6. The following diagram 

CHl,^{J{C),m) > C'+^CIP>{J{C)K,m) 

AJ Ajf'' 

Exti^,m-p),H'^-"^-'iJ{C))) —^Exti^^ (q{-p), H-^-— ;(J(C)) , 



Extl 



g^P-"'-'-i(J(C)) 



■>H:{r,A 



is commutative. 



Proof. Let Lp : J(C)[x{P}] c — . J{C) x be the inclusion (defined 
/K). Define a map ^Bj factoring Bi 



Z^{J{C),m) 



Zi{J{C)K,m) 



Si 



Z^{J{C)xC-\m) 



by sending Z i— > 7r34{7rj[23'8 • 772421^ • ttIZ} —: 3(0- Clearly *Bi de- 



rat 



scends modulo =. Since 3(^) is a complete spread for Z(i), AJj^(Z(i)) 
is a projection of ^Jj(c)xC<(3(0) it suffices to show 

CHlJJ{C),m) > CHl^{J{C) X C-\m) 

AJ 



Ext^ 



AJ 
m—1 



p),H'^P-'^-^{J{C) X C> 



commutes. Xow 3(0 is a (signed) sum of families of translates (over 
C^') of Z. Translating Z on J{C) gives a new (higher) cycle whose 
KLM currents 5t-, R are simply push-forwards of ^r^, VLz, Rz along 
the translation. The same thing happens with the closed current 
R' - R - {27ii)*S9-iT + d-^n, whose class in H'^p-'"-\J{C),C) de- 
scends to AJj(^c){2). More precisely, we can choose 



i?4 



■3(i) 
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and taking classes gives the result. □ 
Consider the sub-Hodge structures 

Af := H^P-'^-'-^JiC)) (8) N^WiC"'), 

of 7i; clearly p' and p"op' are (resp.) quotients of by A/'+^o, M+J-i. 
Lemma 6.7. Provided (6.9) holds, we have: 

{J\f + T,)nim{P,)cp,{Fr): 

{M + J^o)r)im{Pi)^{0}. 

Proof. Consider ^ e H^p-'^-\J(C),C) with A(0 e J^c + ^i,c, ^ = 
orl. Wehavepr(^'°)(j\/'c) = {0}, F^'''~^H^p-'^-'-\J{C),C) C F^-^-^ 
hence 

(6.10) /9f'°nO e F^~'"^//^^"'"~'"^(J(C),C) (8) i^■^'°(C^^C). 

Since /3i is a morphism of HS, it decomposes ((8)C) by type; hence 
must decompose into a direct sum (over a e Z) of maps 

^a,2p-m-a-l(^j(^^^^ C) ^ //""^'^f-'"-"-^ ( J(C) , C) ® W'^C"', C) . 

These are injective (because ^Sf is), so (6.10) =^ { G Fp-^H^p-'^-\J(C),C). 

Now /3-^(A/' + J^^) is necessarily a subHS of //2p-m-i( j(c')). The 
last parag raph shows (3r\Afc + J=t^c) C F^"^ (£ = 0, 1); hence 

;3-^(A^ + ^,) C F^-'h''p-"'-\J(C)). 

Applying /5j to this gives the result, noting (for i = 0) that F^H'^p-'^-^ {J {C)) = 
{0}. □ 



Proof, (of Theorem 6.3). Since /?j is injective (Lemma 6.5), Lemma 6.7 
implies /?,', jS'l , hence Ext^{(3'-), Fxt^ (/?,''), are injective too. By assump- 
tion, (a) AJ{Z) resp. (b) Ext^{p){AJ{Z)) is nonzero. So Lemma 6.6 
nonvanishing of (a) AJf{Z{i)) resp. (b) Ext\p"){AJl''{Z{i))), 
as desired. □ 
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7. Reduced higher Abel-Jacobi maps 

We now give a description of part of each higher Abel-Jacobi invari- 
ant in the spirit of Griffiths-Green |GG| . As in §5.1 we avoid double 
complexes, but we don't restrict to the "nice case" examined there. 

Roughly speaking: reduced higher AJ maps are, like the AJ^^ we 
have been using, Hodge-theoretically defined quotients of the previ- 
ously defined AJi. Only we quotient somewhat farther, in order to get 
something which is explicitly computable in terms of generalized mem- 
brane integrals on X — even when one does not have a homologically 
trivial complete spread. Our expectation is that they will be useful in 
special cases of arithmetic interest (as have their analogues for 0-cycles, 
see [Kell sec. 16], |Ke2l sec. 6.3]), rather than for proving results of a 
general flavor (such as Theorems 6.2 and 6.3 above). Assume m > 
for the discussion. 

Set V = F'^-P+'H^'^-^P+"'+\X,C)- The "period lattice" 

A := Ih^p-'^-UX, Q(p)) '{X C) ^ ^1 

has in general dimQ A 7^ 2 dim^ V . There are (well-deflned) maps 



(7.1) Gr'^CmXK.m) HorriQ {H,_,{r^sM.VV ^) 



where Hi_i{rjs) '■= coim{Hi^i{ris) Hi^i{S)}, and (for cycles without 
complete spread) 

(7.2) Gr'^CHP{XK, m) Home {V, FW^+,H\r]s, C)) , 



(7.3) ker{ch) HoniQ {H,_^{r]s, Q), V / K) . 

We note that as ker{di) 3 ker{di) is not in general an equality, AJi_i 
may be deflned "before" AJi_i (of §5.1) is. 

Whether or not Z & D has complete fc-spread 3 (c?g-closed in Z^(Xx 
S,m)) does not matter so much for the formulas for AJi^i. In either 
case one has (for U C S "sufficiently small" Zariski open) 3(7 G Z^{X x 
U,m), c^g-closed, with irreducible components equidimensional /U, and 
restricting to the class of 3 = s{Z) G CHp{X x rjs.m). Given [7] G 
Hi_i{risM) resp. ifi_i(?75, Q), its image in Hi_i{U) resp. Hi_i{U) 
may be represented by 7 G Zl'^^iJJ, Q) such that 7 x X x intersects 
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properly all 3i/ H {5 x X x S^'j^D™}. (See §8.2 for a definition of 
Sj^D"*.) Finally, we take classes G ^ to be represented by test forms 

Writing ttx : XxS^X^-ku'-XxU^U, define 

73(7) ^x((7 X X) n T3) e Q), 

(i.e. (it!3(7))(a;) := J^^^ tt^o; A i?3 defined by appropriate lime_»o J's), 
and 

03(0;) := 7rf;.(7r> A O3) G r,_,i.([/, = n\U). 

Note r3(7) since ^ e D ^ [3]i-i = 0. The following result 
says how to compute (7.1), (7. 2), (7. 3). 

Theorem 7.1. (i) Given {Z) e C'CHP{XK,m), [uj] e V, cTi (Z) [uj] is 

computed by {27iiy-"'Q^) G Q'{U). 

(a) Given \z) G {kerjdj) C C}CE^{XkM\ resp. OCHHXK.m), 
[7] G i7i_i(775,Q) resp. Hi_i{r)s,Q), AJi_i {Z) [7] is computed by 

(27ri)^-i?3(7) + (27ri)^5a-iT3W =: (27ri)^'— 7^3(7)' G ©^^'-^-(X), 
viewed as a functional on V. 

Proof. In the complete spread case (7.1), the Theorem essentially fol- 
lows from writing AJi^i as the composition oi AJi^i with a projection 
and using the end of §5.1. For the projection, start with 

/ Tj-2p—m—i(v\ 

Ext^ . Qi-p), H'-\r)s) (8) r- "^—L- 



-,p-i+l , 



^(775, C) 



^p-j+l^2p-m-<(X,C) 



FP{num} + H' ^{r]s, v; w t^f^ 

j^p-i+l TT2p-m-i 



H'^v-^-i[X,Q(p)) 



Since FI''^^H'^p-"'-'\X,C) ^ F^-^+^i/^p-m-ij^js^^ 
pp c) p^J!+ijjZ-in^-^!K,c) ) 0, this projects to 



im{ff!zi(ry,,Q)0 ^"~a^(^)) } 
and thus to the r.h.s. of (7.1). 
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In the incomplete spread case (7.3), the result is considerably deeper 
and involves a study of meromorphic l^^/A- valued differential charac- 
ters (sufficiently parallel to §§10, 11 of |Kel| that we won't give de- 
tails). □ 

There are three special cases or extensions. First, there is a version 
of (7.1) for indecomposables, namely (for l<j<m<i<p) 



again computed by (27rz)P~'"i?3(7)' (only viewed as a functional [mod 
periods] on a smaller space). For example, for C^CHf^^^Xx, 1) with X 

a 3-fold, the target is Hom iHiirjs) — '-^^-^ 



im{H3{X,Q{3))} 

Second, there is the heretofore neglected case m = of algebraic 
cycles. Although these have complete spread 3, it is not possible in 

general to arrange 3 ^ 0; so this is more like the situation of (7. 2), (7. 3) 
than (7.1). One has a map 

{ker{ck) C CCHP{Xk)} — Hotuq (H^^i{r]s,Q)A ^ ' 



with AJi^i {Z) [y] computed by (27rz)*' Jg_i^^^^( ■ ) since i?3 = and 
= 3. (Here 3(7) := vrx{3 H (7 x X)}.) 

Finally, there is the case of X = Specif, a point. In order for V to 
be C and not {0}, we must have 2d — 2p + m + i = (with d = 0), 
hence i = 2p — m. Moreover, d — p + i < (again with d = 0) =^ 
p < m. (7.2) maps Gr'^~"^CHP{SpecK,m) to (dropping the weight) 
F'^P-'^H^P-"'{ris,C), and is given by 3) ^ This is zero if 

trdeg{K/k) = 2p — m — 1, in which case (7.3) reduces to 

Grf-"'CHP{SpecK,m) ifomQ (^^2^-^-1(^5, Q), C/Q(p)) ^ JP'^'ivs] 

represented by (27rz)^~™i?3 (a d-closed {2p — m — l)-current on some 
U d S). This is just the |KLM| formula for AJ on rjs. 

8. Abel-Jacobi for motivic cohomology of 
relative and singular varieties 

In this section we essentially reverse the Gysin spectral sequences of 
§§3, 5. This allows us to study, for example, AJ maps on H'^^iy, Q(p)) 
rather than H'f^'y^'^{X, Q(p+ 1)) = CH'P{y, n) when 3^ C ;f is a com- 
plete NCD. This is technically more involved, since pulling back (cycles, 
currents) is considerably harder than pushing forward. The reward is 
in the arithmetically fascinating examples of §8.4, as well as |DKj and 
other forthcoming papers. 
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8.1. Currents with pullback. We follow [Kit sec. 4] for the first part 
of this subsection. 

Let X be a smooth projective analytic variety over C. Recall that 
a current T G V\{U) on an open subset of X is a continuous linear 
functional on C°° forms compactly supported on U . 

Definition 8.1. Normal currents on open U C X are defined by 



T, dT admit extensions to 
continuous linear functionals on 
continuous forms compactly supported on U 

Nx is their sheafification. 

Now let K C X be a smooth closed subvariety of codimension g, and 
set 

\& := characteristic function of X\V. 
Call T e Mx{U) of V-residue type if T = \E'T, and V-transversal if 
also dT = '^dT. We first treat the case of g = 1: 

Definition 8.2. Assuming V r\U d U defined by z = 0, 

T is V^-transversal, and 3 
5, 6 G M;t^{U) of ^/-residue type 
such that T Adz = zS, dT Adz = z& 



are the normal currents of V -intersection type on U, whose sheafifica- 
tion yields Af^{V}. 

Intuitively, we require the "singularities" of our currents to properly 
intersect V. 

Remark 8.3. Note that S, & are unique if they exist; we think of S 
as "T A By definition S operates on continuous forms; hence T 
operates on continuous log(l^) forms, a fortiori on C°° log(K) forms. 

The map 

is given by sending T {l — 'if)dS =: iy(T). One may think of ty(T) as 
"i?esy(T A ^)"; showing this is indeed (the push-forward of) a current 
on V uses normality of T. 

Next, for arbitrary codimension g, let a : X ^ X he the blowup 
along V, with a'^V) =: V and a'^iU) =: JJ. (Note that the pullback 
of currents is defined along the projective-bundle projection a\y.) 

Definition 8.4. More generally, Ar^{V'}(f/) : = 

a. |f G Af'^{V}{U) |i^(T) = (a|y)V for some r G ATf (t/ H V)} . 
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Finally, we consider the case where V = Uili ^ is a normal crossing 
divisor (NCD) on X. (Here we depart from [Ki].) Writing I,J,K C 
{1,...,A^} for multi-indices, each V/ := IJiG/ must be smooth of 
codimension Note that if T is V^-transversal (Vi), then T is Vi- 
transversal (V/). 

Take U C X sufficiently small that 

(at) 3 K = {ki, . . . , kjn}, m < d := dim{X), such that only V^^, . . . , Vk^ 
intersect U; and 

(b) 3 analytic chart {zk^, . . . , Zk^;w} on U such that U 9 {0}, UnVk = 
{zk = 0} and f/ n 1/ = {zk, ■■■Zk^ = 0}. 

We write locally dzj := Aie/ni^ ^-f •= Ilie/ni^ ^i- 

Definition 8.5. For V =NCD, T G Ar^{V}(t/) the following 
hold: 

(a) T e Af^{U) is Fj-transversal (Vj) 

(i) satisfying T A rfz/ = ZjSj, dT A rfz/ = Zj&j; and 

(ii) of Vj-residue type Vj G /, 

(iii) V^-transversal Vj ^ /, 

(iv) Vj-transversal VJ with | J| > 1. 

Remark 8.6. Again, if such Sj, &i exist then they are unique; the 
sheaves J\fx{V} are called (once more) normal currents of V^-intersection 
type. 

To describe the pullbacks, write X = Vn,, and put 
V ■.= Vj[]u,<^jVjCVj 

(e.g., = itself). ThenAf^^{V^} has puUback maps to any 7Vf^{V^^} 
for J ^ I, and pullbacks commute. More precisely, the assignment 
T (1 — '^j)dSj =: i^v.{T) generalizes for J = to L*y^ : 

^x{V} ^ ^vA^'^} taking L*yj ■= o ty^^^^^^ o ■ ■ ■ o L*y^_^^ o t;..^ . 
That this is independent of the ordering of the elements of J follows 
from the existence of the Sji for all J' C J. 

Here is the Poincare lemma for intersection currents. 

Lemma 8.7. The inclusions 

C n'^o. C Afx{V} dU'xdV^ 

are F' -filtered quasi-isomorphisms in the cases considered above (Def. 
8.2, 8.4, 8.5). 
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The main idea here is to show that King's Cauchy slice-kernels 
Ki (which furnish the coboundary between fl-currents and holomor- 
phic forms) preserve F'^N'xiV} at the stalk level. Roughly speak- 
ing, given S", & for T, one must produce normal currents S", & for 
i^i (cutoff function -T). For the non-NCD cases, this is done in [Kij; for 
V =NCD the formulas for S", & are more complicated (we don't give 
them here), but the other details of the proof are the same. 

Now assume V" C X is a NCD (with both X and V complete), and 
write Clgp{V}{X) for real-codimension-r C°°-chains properly intersect- 
ing all the V/. Set 

It is an obvious corollary of Lemma 8.7 that this computes Deligne 
cohomology of X; that is, 

C;(X,Q(p))v^^C;(X,Q(p)). 
Now define a double complex ^y*{p) by 

^r{p)--=®\i\=^c^v^"\yiMp))v' 

with differentials D : ^^f^{p) Ky"^'^^{p) (Deligne homology differen- 
tial) and 

(8-1) E E(-l)^^^^(^^-cv^.)* = 0^ : 4"^^ - 4^''"^(P), 

\i\=e i^i 

where < i >i means the position in which i appears in {1, . . . , X} \ 
/. Write s* for associated simple (total) complex, and D for total 
differential. 

Proposition 8.8. Cohomology of 

resp. Cl^^'iiX,V),Qip)) := s'i^f'''ip)) 

computes Deligne cohomology ofV resp. (X, V"). 

Remark 8.9. We emphasize the distinction (quite significant for singu- 
lar V) between Deligne cohomology H^{V, Q(p)) of and y(X, Q(p)) 
— which is Deligne homology of V. 

Noting that .S^'(p) = C^^'{X,Q{p))v, we see that 

C§'+-((X,F),Q(p)) ^ Cone{4^+-(X,Q(p))y ^ Cg'+^y, Q(p))} [-1]; 

this gives rise to a long-exact sequence 
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(8.2) 

^ Hl-\v,Qip)) ^ HI{{X,V),Q{P)) ^ Hl{X,<^{p)) ^ Hl{V,Q{p)) ^ . 

For Y X, V, or (X, one has as usual H^iY, Q{p)) ^ H^{Y, Q{p)) 
whenever W2pH'^{Y,Q) — H'^{Y,Q), and this is the case here when 
q < 2p. 

8.2. Higher Chow chains with pullback. Let X be a nonsingular 
projective algebraic variety over a field K, with Q Q K C C For 
technical reasons, we assume K has a finitely generated field extension 
L C C invariant under complex conjugation. 

Given / C {1, . . . , n}, / : / ^ {0,oo}, j e / U {0} (where I := 
{1, . . . , n} \ /), define subsets 

dp^ := nea{ze = /(^)}, 

r [n,e{ w}n/7;j n ifi>l 

[ dja"" if J = 

of Write 4 : D""!^' ^ — . : — D"-!^' for the obvious 

inclusions and projections. 

Definition 8.10. Z^{X, n) is the free abelian group (c>?>Q) generated by 
irreducible 3 G Z'^{{X x n")^-) with 3c meeting all X^ x S^kD" prop- 
erly as real analytic varieties, modulo degenerate cycles. Write (9^3 : = 

(4)*3 e zi{x,n-\i\l ds^ := E;=i(-iy(5^ -5^)3 e Zl{X,n-l). 

Remark 8.11. Recall 3 e Z^'(X,n) if the intersections 3 n (X x ajD") 
are proper. The following description is useful for checking whether 
a higher Chow chain is in good real position: given irreducible 5 £ 

ZP{X,n), 3 belongs to Zl{X,n) iff (i) 3c intersects all Xc x {T,, n 
■ ■ ■ n T^^ ) properly /M and (ii) each c?^3c has the same property (in 
X X D"-!^!). 

We describe ^-intersection chains first in the case where C X is 
a nonsingular i^T-subvariety of codimension q. 

Definition 8.12. Z^(X, n)v has generators as in Def. 8.10, with the 

additional requirement that 3c properly intersect all V x Sj^'j^D" prop- 
erly /M. (For Z^[X,n)y we just demand proper intersections with 
V X ap" in addition to X x .) 

Remark 8.13. One can also define the "normalized" subcomplex C^(X, •)v C 
ZP{X, •)v consisting of cycles with all facet intersections zero except 
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for that with X x SqD"; this subcomplex is well-known to be quasi- 
isomorphic. It is convenient to write d'H^ := (u"Ji^9^n") J (ur=i5^n") 
Put C^(X, n)v := C^X, n) n n)y. 

Lemma 8.14. (Moving Lemma I) The inclusions 



zi{x,.Y ^z'^{x,.) 

are all quasi-isomorphisms. 

For the right vertical arrow, this is due to [LvTl Cor 3.2] | It will 
therefore suffice to examine the top horizontal inclusion, which we do 
in an appendix at the end of the subsection. Easy homological algebra 
shows one can tack a subscript "M" onto the moving lemmas of Bloch 
|B11| and Levine: 

Corollary 8.15. We have ~ 0, •)y <=—^ Zl{X,») and 

^e(^'*) -z_^ Z^J^X \ D, •) (for D C X a closed subvariety of pure 



codimension q). 

The old moving lemmas can also be (with some more algebra) com- 
bined in the following way, which we will require for an application: 

Lemma 8.16. (Moving Lemma II) Given D c X a NCD, 
ZP ^{D,»)vnD 

provided V H D is proper and avoids the codimension-2 skeleton of D. 
( One may also replace Z by Z^ here.) 

Next we want to augment ^ to a collection S := {5*1, . . . , S'„} of 
closed (possibly singular) subvarieties of X. By imposing the require- 
ments of Def. 8.12 for each Si one obtains Zp^^(X, w)^. All the moving 
lemmas still hold with S replacing V. 

Given C X a NCD, write for the collection of all Vj with JD I 
(see §8.1). We take Zy^{p) := Q)\i\=iZP{Vi, —m)i)i with differentials 
■ Zy"^{p) — > Zy"^~^^(p) and 3 : Zy^{p) Zp~^'"^(p) (essentially 
identical to (8.1) above), and total differential D. Since there is already 
a notion of Z^iV, — •) (computing i^^'-theory) , we set 

Z^((X,y),-.) := s'iZ'y^'''ip)), Z^{V,-.) := s'{Z'y^'''{pm. 



^ |Lvl) proves this for the normahzed complexes; use Rem. 8.13 to transfer the 
result. 
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These have respective {—nY^ cohomologies 

H'Z--i{X,V),Qip)) =: CH\iX,V),n) 

and 

H'Z~\V,Q{p))=:CH\v,n) 

(7^ CHP(y,n) in general). One also defines Zy'^{p) and Z^'s in the 
obvious way, with the same cohomologies (by Moving Lemma I). Com- 
ments about cones as in §8.1 yield a version of (8.2) with A4 re- 
placing V. Note that negative n produces nontrivial CH groups in 
both cases: e.g. for N > CH^ {{X x , X x dD^), -m) ^ 

CHP (X, N-m)^ CH^ {X x dn^+\ -m) . 

Finally, the following notion of relative cycles is convenient: 

RZ^iX, V) := ker(J) C {Z°'°(p) = Z^iX)^,} . 

We also define 

RZ^iV) := ker(J) C {z'/ip) = (Bl,ZP{Vi)y.} . 

Obviously X, V need not be complete, and V need not have normal 
crossings (or live in some X) for these to be defined. 

Appendix: proof of Moving Lemma I. In the following proof, 
we will abuse notation by writing Zp{X)v for Z^(X)y0, i.e. using a 
NCD to denote the collection of its own "faces"; the same goes for "real 
analytic NCD's". So as a subscript, will mean the set of all c^jj^D" 
(including = 0), dD"- the collection of djD"' (|/| > 1), and so on. 

We write {■)x for X x (■). 
In the square of inclusions 



J 



J' 



cnx,.)^^znx,.), 

it is well-known that X' is a quasi-isomorphism. We will show here that 
(a) i7 is a quasi-isomorphism and (b) X is a quasi-surjectioE0 (in fact, 
it is a ~). It follows that J'' is a quasi-isomorphism; applying this to 

Z^(X, .)vC . Z^(X, .) 



ZP{X, 





l^For a e ZP{X,n)v,aB-ci., 3 /3 £ ZP{X,n+ l)y and 7 G C^S^,n)v.ds-ci. s.t. 
a = 9b/? + 1(7). 
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for V = V,(!) shows Z^{X, •)v " Z^i^, •) as required. 

(a) We must show 

is an isomorphism. This makes heavy use of |Lvl| . Set 

I:={(/,/)|/C{l,...,n},/:/^{0,oo}}, 

and note |I| = 3"; |Lvl| constructs a scheme via iterated doubles, which 
as a topological space is 

^ / \lcr, f = f'\i, x = x' e ay / 

The preimage of a subvariety (or real analytic subspace) W C 

under the obvious projection D^, is denoted T"'{W). We 

may combine the inclusions : ^ — ► into 

Given ^ G i?ZP(n^, SD^), Levine's argument in [LvTl Thm. 2.3- 
4] (viewed through the lens of cycles, and his 2.7, 3.1) implies 3 of 

a G RZP{n']+\ 9-n;^+^)gn+iQ„+i, / : T" c — . = homogeneous space 

for GLn{K), and r] G Z^^H) /(T") such that the following holds. Writing 
f'^ for the composition 

z'p{H)f(^r") Rzp{r'^) i?zp(n^,an^), 

/flry = ^ + 5^+1^. Moreover, if ^ G GLn{K) has ^*r7 G ZP{H)f^T-), then 

Our point is that by extending scalars to some L D K,we can choose 
g{e GLm{L)) so that g*7] G ^^(i^L)/(r")i,u/(r"(n^))£u/(r"{ng^)), which 
implies /"(yf*?] G i?ZP(n^^, (9n^^)nn uQn^. Namely, choose L such 

that [L : L n M] = 2, and "realify" the entire situation, replacing all 
L-varieties by underlying L fl M-varieties of twice the dimension and 
GLm{L) by its isomorphic copy in GL2m{L fl M). (The realification of 
Hl is a homogeneous space for this isomorphic copy, not for GL2m{Ln 
M).) Then the f(T'^(D^x)) i^ow algebraic (our L fl M) and we 
may apply Kleiman transversality (as quoted in |Lvl| ) to obtain g as 
described. 
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In fact, if [L : K] < oo then one can choose g such that 
Vo- e Gal{L/K), so that 

completing the argument for surjectivity of J" in that case. If L/K 
is merely finitely generated, then we can combine the norm argument 
with specialization of transcendentals. 

For injectivity, given H G -RZP(n^, 9n^)nn uDg such that 3 a G 
i?ZP(nj+\(9-nj^^)gn+iQ„+i with S = we construct 

/? G i?Zf(n^+\9-n^+^)nnuns,^ with 9o"+V = S. Write 

□^+^ \ |5| X □ =: °D']+^ , °an;^+^ := 90^+^ n "W/^ 



' 5 



etc. 

The argument in the proof of |Lvll Thm. 2.7] implies 3 of / : 
oq-n+i c — ^ iJ[=homogeneous space for G'Lm(-ft')] and 17 G ZP(if)/(o7-n+i), 
such that if denotes the composition 

Zariski closure 
+ add degenerate 
cycle ^ 

then dQ~^^{pri) = E. Moreover, 9q"*"^ o p of any (y'*-translate of r] also 
maps to S. 

Make an extension to L as before, choose a translate of rj [with all 
GaZ(L/fr)-conjugates] properly intersecting f {°T"'~^^ (Dy~^^)) /L and 
(in the realification) /(r"+^(n^+J)), apply /« and take norm; this 
yields P as desired. 

(b) We first recall some definitions: 

n 
i=l 

n 

di{X,n) := dP{X,n) H ^^(□^)ns,, = vr* (z^(nr^)n^-) 

i=l 
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Now giveiiEl Z e ZliyX.n) with dsZ = 0, let Zi e ZP{n'^)a- be a 



representative, and define inductively 

Zi+i := Zi - TTj dl,Zi 



for i = 1, . . .n. 



This produces a repesentative 3 := Zn+i G RZP{Dx,dooCx)n^^ C 
Z^(n^)nn^, where f^ooD^ := U^=i94.n^. 
Consider the projections 



i-in+l 



r-in-l 

and set 1^ : 



(x, 2^1, ... , Zj, 2^i+l5 2^j+2; • ■ • ; •^n) 



(x, 2^1, . . . , 2j_x, Zj, 2j_|_i, 2j_j_-|^, 2^j+2) • • • ; •^n) 



(x, 2i, . . . , 2j_x, 2^^-|^, ^j-|-2 7 • • • ) ^n) 

{(1 - 2,)(1 - 2,+i) = (1 - z^^^} E Z\D-/'). Sending 
■ ^{i,i+i}(^o^)) yields a map 



(It is easy to check that real good position is preserved. For example, 
to show dimM(T;,j n ■ ■ • n T,^. n Afi(W)) < 2(dim(X) + - p) - j , one 
uses the facts that 2j, Zj+i G =^ 2^'^;^ = 1 — (1 — 2j)(l — Zj+i) G M", 
and that 9qW is in good real position if W is.) Moreover, 



and so 



We claim there is a cycle 



with 
(8.3) 



We omit the subscript V throughout, but all steps are still valid with this 
reinstated. 
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Consider more projections: 



r-in+l 



1 Zi, ^i+l, ^j-i-i) 



""1+3 



r-in+2 



(x, Zi, . . . , Zi—i, Zi, Zi^i, Zj^ 



+ 15 



''{i, 1+1,1+2} 



r-|n-l 



[X] Zi, . . . , Zi_i, Zj^^i, 



and set J^j := {(1 - 
then HiiW) := (vTi 



z,){i - ^,+0(1 - ^I+i) = (1 - 4Vi)} e ^^Dx 



n+2\ 



{•t,t+l,«+2}' 



(9^W) ) does the job. 



Now using (8.3) with S^W = 0, inductively define 3i := 3 and 
3i+i := 3i - M,(3.) = 3i ± for z = 1, . . . , n - 1. 

Clearly 3n diff'ers from 3 by of a cycle in ZP(nj^^ )□«+!, and be- 
longs to RZ'^iU^, 9~n^)nn ; since 3n is S/^-closed, it actually lives in 

RZ^{U\,dUl)ui^^ = ker(£) C C^(X,n). 

8.3. Abel-Jacobi maps. An irreducible 3 £ -^kI-^, produces "KLM 
currents" i?3, ^3, 5t^ | KLMi sec. 5.4]. For these to operate on contin- 
uous forms, the integrals described there must be bounded, and this in 
fact follows from the boundedness against C°° forms. Since d of these 
currents is given in terms of -Rag3, f^ag3, (^Ta^j, it follows that they are 
normal. 
Let 



subset of X^" over which 3c n (Xc x df iD'' 



^ 1^ is equidimensional of real dimension i 

and consider V C X smooth of codimension 1. To say 3 £ Z^{^j^)v, 
is equivalent to stipulating that all dV-^^'^''^ properly intersect V. Roughly 
speaking, this ensures that R^, ^3, 6t^ have their most "serious" kinds 
of singularities or discontinuities (deltas, log-branch jumps) transversely 
to V. More precisely, the restriction of the KLM formula 
3 ^ (-2m)P+' ((27ri)-T3, ^3, R^) (KLMl sec. 5.5] to 1/-intersection 
higher Chow chains, produces a map of complexes 



AJ 



commuting with the pullback. This extends automatically to codimxiV) > 
1 since the pullback of 3 £ under \^-blowup a : X ^ X 

belongs to Zg(X,n)y. 

The upshot of all this is the following 
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Proposition 8.17. Let V C X be a NCD with smooth components; 
assume X, V complete. The KLM formula induces a map of double 
complexes 



AJ 



hence maps of total complexes 
Z^^{{X,V),-.)^C'r'{{X,V) 
computing AJ on motivic cohomology. 
This yields a map of long-exact sequences 

CH''{{X, V),n) CHP{X, n) 

AJ 



H. 



2p—n 
V 



{{X,V), 



H: 



V 



AJ 

{X, 



p, , n^n— 1 

CH {V, n) > 



H. 



2p—n 
V 



AJ 

{vMp)) 



Much of the foregoing construction extends to more general singu- 
lar or relative varieties (over our field K <Z £-). Levine |Lv2l sec. 
IV. 3] describes a procedure (partly due to Hanamura) for associating 
to any reduced finite-type i^'-scheme V a cohomological motive in 
D^^oti^^K)^ This is a diagram of motives of smooth quasi-projective 
varieties (arrows opposite to the actual morphisms), obtained via cu- 
bical hyperresolutions; it can be used to produce Zpg^(V,«) computing 
H'^{y,Q,{p)) (l^=NCD as done above is essentially a special case). 
What we have done for Hd (and AJ) will also extend in a straight- 
forward way under the following conditions. For each occurring in 
the hyperresolution, (a) is complete and (b) the irreducible com- 
ponents of images of morphisms (in the hyperresolution) into Va are 
locally components of [coskeletons of] a NCD. Here are the two simplest 
examples that go beyond V =NCD; another is given in §8.4. 

Example 8.18. V a degenerate elliptic curve of Kodaira type Ji, i.e. 
a rational curve with ordinary double point p. In D'^^^{Smx), 

* * 

Zv = Cone{Zpi — > Z{p}}[-1]. 

For us, 

* * 

ZliV,-.):=Cone{Z^iF\-.){o,oo} — ^^(M, —)}[-!] 



'triangulated motivic category, defined in |Lv2| 1.2.1.4]. 
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computes H'^'^*{V, Q{p)). If V is embedded in some smooth projective 
X, then motivic cohomology of (X, V) is computed by 

Z^iiX, V), -.) := Cone{ZiiX, -.)^y,,} ^ Z^iV, — )}[-!]• 



Example 8.19. V a K3 surface with rational singularity at p. There 
exists a mini mal (crep ant) resolution b : V —>■ V, with b~^{p) =: D an 
A-D-E curve |BHPVl sec. III. 2], hence a NCD. The weak 2-resolution 

I'D 

V 




produces an isomorphism Zy = Cone{Zy © Z{p} — > Z£)}[— 1] in 
DtotiSmx), and 

ZliV, -.) := Cone -.)^« © Z^{{p}, -.) ^^^^ Z^P, -.)| [-1] 

computes Hj^ of V. 

In both examples, cochains for Hxi are constructed similarly, and AJ 
goes through. 

8.4. Regulator period computations on singular varieties. We 

start by setting up a pairing between homology and cohomology of 
(X, V") (a similar procedure works for V"). Consider the double com- 
plexes Vy"^{p) := ©|7|=^A/'y^^™{K^}(V/) with differentials d, 3 and 
Vl^{-p) := ®iii=iVy-^P-^^-"'{Vi) with differentials d, Gy : = 
S|/|=^ X]iG/(~^)^*^^^'(''V/cV7\J.- The associated simple complexes 
(with resp. total differentials d±3, d± Gy both written D) 

ClTiiX, V), C) := s'iV'y'ip)) , C£^.((X, V), C) := s'{Dl{-p)) 

will be our (co)chains; write Z^ji, Z^^ for the D-(co)cycles. In partic- 
ular, putZ2^J~((X,V),C) := 

ker(D) n {©, (©|,|=,fi^^-^^-^-^' (logVO (^/))} C -^'H^.i-P)) 

for D-cycles given by C°° log forms (modulo D-boundary, they all are) . 
The entrywise pairings 

® (log v-^) (Vi) ► C 
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(which exist by Rem. 8.3), summed over the diagonal (in the double 
complex), yield 

4^+^((X, V),C)® ^S^M ((^, V),C)^ c, 
which descends to 

(8.4) Hl'^'^iiX, \/), C) ® Hg%,iiX, V)X)^ C. 

Assume henceforth that n > 1, and also that n > p or p > d{= 
dim(X)). We describe in this case a (bilinear) "regulator period" map 

(8.5) CH\{X,V),n) ® H^^^.^^_,{{X,V),Q) ^ C/Q{p) 

in terms of ^ = £ Z^{Vi,n + £)} ei and a — {o;/}^^ G 

\i\=i 

Z2p-'^ii{X , V), C) representing classes in the respective (8)-factors. Since 

n > 1, FfH'^f-''{{X,V),C) n i/2p-n((x,\/),Q) = 0; since also n>p 

orp>d, Hr^'iix, v),Qip)) - X^:::;^^^^) - 

AJiO = {(-27ri)^-"-^ ((27r0"+%, %, %) 
can be moved (with only rational ambiguity) by D-coboundary to 
n:= {{-27rtr---%Q,R'^^)}^^^ezm{z'^^--\{X,V),C)}. 

Now (8.5) of ^ (8) q; is given by (8.4) oiTZ<S> Oi, which is 

(-27ri)^'-" V / R'^^A ai. 

By taking limits we can replace the log(F^) C°°-forms by relative 
topological cycles 77 e ^2p-n-^-i((^/' ^^),Q)- (Here 7 = {77} gives a 
D-cycle in C^^„_]^((X, V), C) by taking the associated (5-currents; it is 
these 5-currents which are limits of {aj}'s, and by definition i? : = 

lime^o ^ R ^ ex.''-) In fact, unless p = n and p < d, the Q^j^ are all 0. So 
the D-coboundary involves only topological chains, and 

(8.6) {-2my- j R^:^{-2my-^Y.Y. I % ^ 

computes (8.5). We find these periods in two examples, in which V 
replaces (X, V) and p > dim(y) suffices (in lieu of p > dim(X)). 

Example 8.20. {Ch\—, 2)[= Hl^{—, Q(2))] of a singular curve.) 

Let Ci, C2 be roots of unity (other than —1) with Ci + C2 7^ 1- In A^, 
let = {x = Ci}, V^2° = {y = C2}, = {x + y = 1}; their closures in 
P2 are denoted Vi. Set V = UVi and y° = U ^2 U ^3°; V is defined 
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(and we work) over K = Q(Ci, C2)- We first want to construct a higher 
Chow cocycle 

e e ker(D) C Zl{V, 2) = (B^Zl{V,, 2)^. ©,<,^R(^i„ 3), 
and then use (8.6) to pair AJ{^) with the 7 = {77} shown: 





V2 


V12 
























Vl3 



Denote the graph of {x,y) in Z^(A|-, 2)(-yo)0 by {a;, y}; the Tame sym- 
bols of its restrictions to the riv^ are torsion (= for us), and its puUback 
^3 to is 9/3-closed. The Zariski closures of {x,y}\v° =■ C° = 1)2) 
may be "completed" to c^B-closed G Z^{Vi, 2)yi by adding appropri- 
ate CKi, q;2 supported resp. on {y — 0, 00} G Vi, {x — 0, 00} C V2. (If 
Q — 1, there is nothing to do.) Hence we have 

e (^1,6,^3°; 0, 0, 0)eZUV°,2). 
Applying Moving Lemma II to ^3 yields a cochain in Z^{V3, 2)y3 with 
restriction ^3 -|- 9^/33 to V^; we may complete it into a ^i^-cocycle ^3 
by adding 03 supported on {(00, 00)} G V3. Keeping track of D/33 (not 
just dsPs) in this "move", yields the desired 

with regulator period 7?^ = {^^^^ /^^ i?^,} ± 2^{i?(/3K,^3) + ^(fllvag)}- 
But general principles (Stokes's theorem for currents) ensure that R^o 
must have (mod Q(2)) the same period, which is easy to compute: 

3 

h i=i hi 

y=(2 rx=l-Q2 

logCidlogy + / (-27ri)logC2(^T, 
.=i-Ci •''a;=Ci 
/•y=i-Ci 

+ / {log(l-?/)dlog?/-27rilogy5Ti_J 
= -logCilog(l-Ci) + + {Li2(C2) - Li2(l - Ci)} 




= Li2(Ci) + Li2(C2) e 

This really boils down to a (lifted) Borel regulator map computation for 
an element of Kf'^{K), in the sense that one may explicitly construct 
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p so that 



Hi,{v,m)) 



AJ 



HliVMm ^ H\V,C/Q{2)) 



CH\K, 3) 

AJ 

-C/Q(2) 



commutes. 



Example 8.21. {CH ( — ,3) of a singular surface.) 

In (Pi)3, let Vi^{x^ 1}, F2 = {y = 1}, ^ {z ^ 1}, ^ {z ^ 
^^~^xy~^^ }' ^^'^ ^ '~ ^^■i- "^^^^ quite a NCD as Km and V24 are 



reducible. For this reason we write {— \44UV24U V34) 
with 



W = UW. 



VFi = {x = 1, ^ = 0}, 14^2 = {y=l, z = 0}, W3 = {x = l,y = 0}, 
14/4 = {x = 0, y = 1}, and W5 = {z = l}n V4. 

Let D = D1UD2 where := {x = 0, 2; = 00} C \4, D2 := {y = 
0, z = 00} C V4, and set ^"4° := 14 \ ^, Wj n V;°, 1^° = UW°. 

Finally let Ci — {x — 00} r\ V4, C2 — {y — 00} fl V4. We work over 

We will compute the regulator period of ^ G ker(D) C Z^(y,3) 
over the topological 2-cycle 7 = {77} with 71 = {1} x [0.1] x [0,1], 
72 = [0, 1] X {1} X [0, 1], 73 = ({a; + 2/ > 1} C [0, 1]2) x' {1}, 74 = 
({x + y>l}c[0,l]2)nT/4. 



Y 





To construct ^, the idea is to move and complete the pullback of 
{x,y,z} G Z|((Gm)'^,3) to Z^{V n (Gm)^,3) (which has trivial Tame 
symbols on components). Since {x,y,z} is identically zero on Vi, V2, 
and V3, we do this construction in the subcomplex Z|((V4, W), — •) of 



The images of the maps 

\ {0} X \ {0, 1, 00} c — . x 
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{t, u) ^ 


(oo, t, 1 




u~ 


-M- 


i ^ 

tu 


-u) 




—>■ (oo, t, 1 




u 


-M- 


1 

-, 1- 

u 


-u) 


h 


{t, oo, 1 ■ 




u~ 


■M- 


1 ^ 


-u) 




— > {t, oo, 1 




u 


-M- 


il. 

u 


-u) 



yield higher Chow cochains ^i, ^2 resp. ^3. ^1 supported on Ci resp. 
C2, such that ^4 := {x, y, 2;}|y^o — ^1 + ^2 + ^3 — ^4 is Sg-closed on 
1^4°, and 

Cei (a; 0, . . . , 0) e ker(D) C Z|((n°, W°), 3). 

That one (if so inclined) can then repeatedly apply the Moving Lemma 
II to produce ^^ei G ker(D) C Z^((V4, VF), 3), is a consequence of ex- 
actness of 
(8.7) 



Res 



{Hl,{{D2 \ Du, D2 n W^a), Q(3)) © Hl^{{D^ \ D^^, n W,),Q{m 

at the middle term. We could compute Res{^°^i), but this is unneces- 
sary: middle-exactness of 

//Jt,({l},Q(2)) //X,((Ai,{l}), Q(2)) i/Xt(Ai,Q(2)) 

and vanishing of CH^{A}^, 2) ^ K^(Qh and CH^(Spec(Q), 3), imply 
the second line of (8.7) is zero. 

To compute R^, note that by construction it is just /^^ , which 
must be f^^ -R^o^^ = J^^ R{x, y, z} by (repeated) application of Stokes. 
That is, R^ = 

I {log(x)dlog(?/) A dlog(^) + 27ri log(y)dlog(^)5r, + (27ri)' \og{z)5T,nTy} ■ 

Writing A := {x + y > 1} C. [0, 1]^, the latter is simply 

[ log(x)dlog(i/)Adlog{ ^'^~^^^^~^^ }. 

since 74 fl T-r C W4 (and log(y)dlog(2;), log{z)STy are zero on W4). So 
we get 

(x — 1) 

log(x)dlog(y) A dlog{^ ^} 

/A ^ 
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= - / log(a;) ( / dlogy ) [dlog(a; - 1) - dlog(a;)] 

Jx=Q \Jy=l-x / 

= / log(x) log(l — x)[dlog(l — x) — dlog(x)] 

Jx=0 

— —2 1 \og{u) log(l — u)d\og{u) 

Ju=0 

n>0 ■'^ n>0 ^ ^ 



in 



This can be interpreted as a Borel regulator computation (for i^'5(Q)Q'') 
as follows. The element S := , ^'^r/^^r^^ , ^} G 

1 z— 1 ' {x—l)(y—l)—xyz ' 1 J 

^(Pi)3 \ V, 3) has i?esy(S) e CH\V,2) with cycle-class in 
^o^MHs(Q(-3), ^y((P^)^Q)) given by dT^ — which is precisely 7. 
Hence integration against 7 splits that is, gives a morphism of 

MHS iJ2(KQ) Q(0). One may construct a compatible "splitting" 
of motivic cohomology, in the sense that 

H^VMrn ^CH^{Spec{Q),5) 



AJ 



AJ 

Hl{V, Q(3)) ^ H\V, C/Q(3)) C/Q(3) 

commutes. This phenomenon will be treated in a subsequent work. 
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